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Measurements of large cosmic-ray shower intensities have been made on the Pacific Ocean. 
Because of the statistical fluctuations of the experimental results, no positive conclusions 
regarding the latitude effect for these showers can be reached. 





UGER' and his collaborators have reported 
the discovery of very extensive showers of 
cosmic-ray particles. They have also estimated 
the average density of the particles in these 
showers and thus obtained a measure of the 
energy of the primary particles responsible for 
these events. This energy is of the order of 10" 
ev for showers of 10* square meters in extent. 
Clearly, if this interpretation of the phenomenon 
is correct, the earth’s magnetic field can exert no 
effect on these primary particles, and no latitude 
effect for such showers should be observed. In 
an attempt to check this hypothesis, the latitude 
effect for large showers was measured on the 
Pacific Ocean between Vancouver and Sydney. 
The apparatus consisted of a triple-coincidence 
Geiger counter unit. The counters were of the 
“fast” type, about 3.7 cm in diameter and 15 cm 
in length. They were assembled in three trays 
with 32 counters in parallel in each group. The 
pulses from the counters were fed into three- 
stage amplifiers and were so shortened that the 
resolving time of the apparatus was about 10-® 
second. Hence the accidental triple coincidences 
could be completely neglected. 


Auger, Maze, Ehrenfest and Freon, J. de phys. et rad. 
10, 39 (1939), 


The counters and amplifiers were set up in a 
small tent on the boat deck of the S. S. Niagara. 
At first, the tent was in a space near some of the 
ship’s superstructure. Iron ventilators were 
within about 2 meters of the counters. Later, a 
more open location was used and the counting 
rate was found to decrease about 15 percent. For 
the data shown below the counters were in this 
second location. The three counter trays were 
placed in a horizontal plane (Fig. 1), so that the 
separation from center to center of the outside 
trays was 106 cm. The minimum separation of 
the extreme rays forming the shower could be 
about 75 cm. 

The results obtained are given in Table I. 

To obtain a correction for the barometer, a 
value of 2 percent per. 0.1’ was used. It should be 
pointed out that the result will depend consider- 
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Fic. 1. Arrangement of counter trays. 
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TABLE I. Shower intensity as a function of magnetic latitude. 








Mac. No. Corr. 





Lat. Counts MIN. RATE BAROMETER DATA 
23°N 1282 1092 1.173 29.98 1.192 
19 1783 1513 1.179 29.90 1.179 
13 2020 1679 1.203 29.82 1.184 

6 1601 1420 1.128 29.80 1.106 

0 1678 1458 1.150 29.74 1.113 
12°S 1667 1375 1.212 29.75 1.176 
16 892 724 1.232 29.77 1.200 
29 1011 907 1.113 29.88 1.108 
34 1838 1534 1.198 29.94 1.208 
38 1734 1576 1.101 30.03 1.130 
41 4246 3436 1.234 29.89 1.232 








ably on this correction because the barometer was 
low in the region of the magnetic equator. Be- 
cause of the statistical fluctuations in the data 
these have been analyzed by dividing them into 
two groups with those readings taken at latitudes 
greater than 20° forming one group and those 
taken at latitudes smaller than 20° the other 
group. The averages of the corrected rates for 
these two groups are: 
At latitudes greater than 20° 

1.190+0.012 counts/minute 


At latitudes smaller than 20° 
1.158+0.011 counts/minute. 


The mean errors have been computed from the 
total number of counts in the two cases. 
The results seem to show a small latitude effect 
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for these showers, but since the effect is 
slightly larger than the statistical errors we qo 
not feel that the experiments establish its exig.. 
ence with any certainty. 

For the small showers emerging from a leaq 
plate Neher and Pickering? report a latitude effeg 
on the Pacific Ocean of about 6 percent. 

If one considers the average area of the showers 
measured in this experiment as one square meter, 
and the particle density as 30 per square meter, 
as given by Auger, then the number of particles 
per shower is about 30. To produce such 
shower at sea level by the cascade process, the 
primary energy would be of the order of 10" ey. 
If, on the other hand, one considers that the 
energy loss per particle in penetrating the at. 
mosphere is 3X10° ev, the primary energy jg 
still about 10" volts. Hence, even for showers of 
this area, there should be no latitude effect. 

We wish to express our grateful appreciation 
to the Carnegie Corporation of New York for 
making these experiments possible. We are algo 
indebted to the Canadian-Australasian Line, and 
especially to the officers of the S. S. Niagara fo 
the cooperation they rendered, even while under 
the stress imposed by the present international 
situation. 


2H. V. Neher and W. H. Pickering, Phys. Rev. 53, ij 
(1938). 
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The scattering of alpha-particles by carbon and oxygen 
has been observed at large scattering angles, with solid 
targets and RaC’ as a source. The results show resonances 
in carbon at energies of 5.5, 5.0 and 4.4 Mev and indicate 
that the angular momentum quantum number of the 
compound nucleus O" is probably 2 for the highest level, 


HE process of alpha-particle scattering by 
carbon and oxygen nuclei has some unusual 
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and greater.than zero for the others. Two resonances hare 
been observed in oxygen at energies of 6.5 and 5.5 Mev, 
These indicate excited states of Ne®?® whose angular moe 
mentum is probably unity. These two levels correspond 
very closely with those found by Bonner in the disinte 
gration of fluorine by deuterons. 














features which make it relatively amenable to 
theoretical treatment and favorable for exper 
mental investigation. These features arise ftom 
the fact that the spins of all nuclei concerned 
are zero and that at alpha-particle energies 
below 8 Mev the competing processes of proto 
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SCATTERING OF ALPHA-PARTICLES 


or neutron emission are either excluded or ex- 
tremely improbable because of the low available 
energy: The first fact makes it possible to reduce 
the expression for the ratio o(0)/oo, of the actual 
to Coulomb scattering near an isolated level of 
the compound nucleus,' to the form 

a(@) pet |? 

= ae‘*-+-———_ : 

" x+1 
Here the Bethe formula has been modified to 
take account of a potential scattering back- 
ground. doo” is the cross section of this back- 
ground, 7 is an unknown phase angle, 


rp,” : 
p=2(2J+1)——-P,(6) sin? (6/2), 
Qir 
(1+-ia)- ++ (J+ta) 
~ (—ia)+ + +(J—ia) 
x=2(E—-E,)/T;, a=2Ze?/ho. 


exp [ia log sin? (6/2) ], 





< 


Here J is the angular momentum of the com- 
pound state, E, the corresponding alpha-particle 
energy, I'p,"/T’, the ratio of the level width due 
to scattering to the total width, @ is the scattering 
angle in the center of gravity system and P,(@) 
is the Legendre polynomial of degree J. 

The absence of competing processes now makes 
it possible to put Ip,’/T,=1; if we assume 
inelastic scattering to be absent. This has the 
twofold advantage of determining p uniquely in 
terms of J and known quantities and ensuring 
that p has its maximum value. It also suggests 
that in these elements for energies at which there 
is considerable barrier penetration, there will be 
arelatively large potential scattering. We should, 
therefore, expect to find large scattering anoma- 
lies in these elements, especially at large angles 
where the potential scattering is greatest and 
where the angle variables in p have their maxima. 
It might, thus, be hoped that levels of the 
compound nucleus could be located by observa- 
tion of the large angle scattering. 

Although the relative feebleness of naturally 
radioactive sources with consequent lack of 
resolution in angle and energy makes them 
unsuitable for precise scattering analysis, a 
comparison of the results of earlier work with 


'H. A. Bethe, Rev. Mod. Phys. 9, §71 (1937). 
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the theoretical predictions suggested that reso- 
nances might be located by their use. Observa- 
tions by Riezler? at 90° on carbon and by 
Devons’ at 90° and by Riezler* at 90° and by 
Brubaker® at 90-110° on oxygen indicated that 
there was a marked increase in the anomalies 
towards larger angles. Consequently the present 
experiments have been carried out at large 
angles, mainly 157°. Scattering from carbon was 
done at 157°, 137° and 112°, and from oxygen 






























































































































































U 
Fic. 1. Diagram of apparatus. 


at 157°. The angular spread, in all cases, was 
about 15°. Solid targets were used; graphite for 
the carbon and lithium hydroxide for the oxygen. 


EXPERIMENTAL 


The scattering chamber in which source, 
scatterer and detector were all placed, is shown 


2 W. Riezler, Proc. Roy. Soc. A134, 154 (1932). 
3S. Devons, Proc. Roy. Soc. Al72, 127 (1939). 
4 W. Riezler, Ann. d. Physik 23, 198 (1935). 
5G. Brubaker, Phys. Rev. 54, 1011 (1938). 
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Fic. 2. Scattering from carbon. 


in Fig. 1, and was formed by a brass base plate 
which carried several of the parts together with 
a brass lid resting on a rubber gasket around 
the base. The source, D, is a polished nickel 
button 5 mm in diameter on which RaC’ was 
deposited. Initial strengths ranged from 25 to 
50 millicuries. The button is screwed into a 
cylindrical brass plug, E, and this is carried in 
a lead source chamber, A; the latter is closed in 
front by a permanent mica window of 7 mm air 
equivalent and behind by a tightly fitting plug, 
waxed into position. To avoid contamination by 
radon, it was essential to pump out the source 
chamber and the box in parallel, and to place a 
charcoal trap, cooled by a dry-ice acetone 
mixture, in the pump line of the former. The 
background count was, in this way, kept at 
from 4 to 13 counts per minute. The incident 
beam is limited by the collimating tube, G, 
which is designed so as to avoid any scattering 
into the counter. By means of the shutters, H 
and J, operated from above, the source or 
counter may be closed off for background runs. 
The energy of the incident particles could be 
varied by interposing mica screens before the 
source chamber face. 

Comparison of the actual scattering with 
classical scattering was effected by substituting 
in the position of the target of the light element 
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a similar gold target. The target block, pz 
carried a thick layer of the light element on ond 
side and a 2-mil gold sheet on the other; 
means of external control, rotation through 1g9° 
could be effected. The target was ‘mounted jp 
such a way that, by means of a gear train, 
rotation of the arm carrying the source left the 
target making equal angles with the inciden; 
and scattered beams. The possibility of Using 
thick targets depends mainly upon that of 
obtaining a sufficiently flat surface. The effectiye 
thickness of the target is small because of the 
substantial energy loss involved in large angle 
scattering and, if necessary, it may be made 
smaller by placing an absorbing screen of known 
stopping power in front of the counter. However 
flatness is essential for a calculation of the 
effective depth of penetration and, hence, of 
the number of scattering centers. Carbon targets 
were made by buffing strips of spectroscopic 
carbon with filter paper and also by buffing q 
surface formed of “‘Aquadag”’ with the protectiye 
colloid destroyed. Results with these surfaces 
were in satisfactory agreement. The oxygen 
targets were made by quickly fusing LiOH op 
an aluminum sheet so that Al,O3 was not 
destroyed; these surfaces were very smooth, 
Large angle scattering from H is impossible and 
negligible from hi due to the extremely low 
range after collisions with these light nuclei. 

The close proximity of a very strong gamma- 
ray source to the detector makes an efficient 
counting system essential. By using a high gain 
linear amplifier, with a grid leak of 0.1 meg. in 
the first stage to minimize fluctuations in the 
gamma-ray current noise, and by working well 
below the breakdown voltage of a proportional 
counter, we were able to obtain a satisfactory 
working plateau in the count vs. voltage char- 
acteristic of the mixed alpha-particle and gamma 
radiation. The proportional counters were o 
the wire type. To lower secondary production, 
the walls were made of 2-mil brass and the 
backs of paraffin, the paraffin serving asa 
support. The counters had no windows, and, 
together with the scattering box, were filled with 
hydrogen at 12 cm pressure. Hydrogen does not 
scatter alpha-particles into the counter and 
hydrogen nuclei cannot enter it at these angles 
C is the counter assembly. 
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The procedure followed in taking observations 
was as follows: the source was closed off and a 
two-minute background count taken ; the source 
was opened and a one-half or one-minute gold 
count made; the target was reversed and a 
ten-minute count made; the target was again 
reversed and a gold count made; then followed 
a background count, gold count, light element 
count, etc. The cycles were continued until the 
count from the light element fell to 4 per minute 
or the background rose to 1} per minute. 
In calculations, the decay of the source was taken 
to be linear over any individual count. 


ANALYsIS 


‘The evaluation of the ratio from the experi- 
mental data involves certain special features 
when thick targets are used. The Rutherford 
scattering formula contains a term of the form 
N/E? where N is the number of scattering 
centers and E is the energy. For thick targets 
this becomes proportional to 





To dx 
J s(Ro—x)E%(Ro—x) 


where Rp is the initial alpha-particle range, x the 
penetration into the target in cm air equivalent, 
s(Ro—x), E(Ro—x) the stopping power of the 
element and the energy for particles of range 
Ry—x, respectively, and x» the maximum depth 
of penetration, xo is found from the equation 


ak(Ro—x) = E(xo+?) 


where a is the fraction of energy retained by a 
scattered particle after collision and ¢ the mini- 
mum range of a particle leaving the surface of 
the target which is just registered by the counter. 
This equation was solved by using Holloway 
and Livingston’s data for air* in the cases of 
carbon and oxygen and Rosenblum’s penetration- 
velocity measurements’ for ThC’ particles in 
gold. The quantity ¢ was set equal to the air 
equivalent of the hydrogen between the target 
and the counter face plus the air equivalent of 
screens in front of the counter, since experiments 
seemed to show that the residual range at the 


*M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 
18 (1938). 


"S. Rosenblum, Ann. de physique 10, 408 (1928). 
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counter necessary for registration could be put 
equal to zero. The air equivalent of the hydrogen 
was found by replotting Mano’s data* and some 
points from Gurney’s work.® 

A t in mg per cm? of gold corresponding to 
the energy of alpha-particles which have an air 
range ¢ appears in the equation for x» for gold 
and its evaluation involves extrapolating Rosen- 
blum’s data. The accuracy of the extrapolation 
was checked by making measurements of the 
relative gold yields for different alpha-particle 
energies and comparing with calculated values 
based on a series of values for f. 

For carbon and oxygen a knowledge of xo is 
sufficient to determine the yield integral, since 
for the small penetrations involved we may treat 
s(Ro—x) as a constant and suppose the energy 
to be a linear function of the range. These 
assumptions are not possible for the gold integral 
where a is much larger and penetrations naturally 
deeper. It is possible to show that the integral 
here is proportional to 


dw 
v! 


taken between certain limits, where v=velocity, 
w=penetration in mg per cm? and v=v(w) is the 
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Fic. 3. Scattering from oxygen. 


*G. Mano, Ann. de physique 1, 407 (1934). 


*R. W. Gurney, Proc. Roy. Soc. A107, 340 (1925). 
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TABLE I. teen ts | (¢/¢0) min for values of J and 
a-particle energies for carbon. 
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E, In MEv J=0 | J=1 J =2 J =3 
5.5 29.6 9.6 1.5 0.0 
5.0 12.7 2.0 0.1 2.5 
4.4 9.0 1.0 0.5 3.3 














relation given by Rosenblum’s data. 


~ dw 


o wv 


was therefore integrated numerically from a plot 
of these data and the tabulated integral used to 
determine the gold yields. For the carbon and 
lithium hydroxide, the necessary stopping powers 
were obtained from Livingston and Bethe.!° 


RESULTS 


The ratio of observed to Rutherford scattering 
is shown as a function of energy in Fig. 2 for 
carbon and Fig. 3 for oxygen. The carbon 
measurements were carried out at three different 
angles, 157°, 137° and 112°, while the oxygen 
measurements were made only at 157°. The 
height of the vertical line represents the sta- 
tistical error in the counting of particles; the 
number of counts to a point varied in the light 
elements from 150 to 2500, a somewhat larger 
number being counted in all cases from the gold. 
The width of the horizontal line represents the 
energy range covered by a single observation, 
the limits being calculated for a homogeneous 
group of alpha-particles. Straggling causes some 
blurring of the edges of the energy distribution. 
It may be shown that, for the lower limit of the 
range, the straggling is less than that of alpha- 
particles whose energy has been reduced to the 
same mean value. The probable error has not 
been indicated in the carbon measurements at 
112°, since it is small compared with the energy 
spread. The points at 137° are distinguished 
from the others by the omission of the hori- 
zontal bar at the ends of the vertical line indi- 
cating the error. The smooth curve has been 
drawn so that mean values over the actual 
experimental energy ranges agree fairly well with 
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10M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, §95 (1937). 
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the observed values. Because of the relative 
coarseness. of the energy resolution, the true 
height of the resonance peaks is somewhat 
uncertain. In oxygen, near the resonances, since 
these are far apart, the curve has been given the 
shape typical of an isolated level. 

The results for the scattering in carbon appear 
to show evidence for resonance at alpha-partigl 
energies of 5.5, 5.0 and 4.4 Mev. The estimateg 
values of the anomalies at the resonance maxim, 
are 43, 22 and 16.5, respectively. These reso. 
nances correspond, when the data of Barkagu 
are used, to excited states of O'* at 11.4, 144 
and 10.6 Mev above the ground state with half. 
widths of 0.2-0.3 Mev. The barrier height fo 
carbon is about 4.9 Mev, so that two of theg 
levels lie above the barrier. The only othe 
process leading to an excited state of O"* is the 


1H!+ F*—He'+,0"" 


reaction, where, however, the levels involve 
lie much deeper.” 

It is readily deduced from the single leye| 
formula that the anomalies at the maximym 
and minimum are given by 


(0/00) max? =(a?+ap sin §£+4p?)'+}p, 
(/a0) min? = | (a?+ap sin +} *)!—4p|, 
where §={—7. It follows that 
p= (0/00) maxt (0/00) min. 


Precise knowledge of the maximum and 
minimum thus leads to two possible values for », 
If the minimum for a resonance is not known, 
then it can only be inferred that p does not 
exceed 2(¢/¢0)max!. The order in which th 
maximum and minimum occur is arbitrary and 
will depend on the sign of cos £ which, in general, 
is not known. Using the calculated values of» 
and experimental values of (¢/¢0)max we obtain 
for the first four J values the values of (¢/e9)ss 
given in Table I. 

Since — may vary across the energy interval 
used and since there may be interference betwee 
different levels, a comparison of calculated and 


11 W. H. Barkas, Phys. Rev. 55, 691 (1939). 


2 W. B. McLean, R. A. Becker, W. A. Fowler, C.C 
Lauritsen, Phys. Rev. 55, 796 (1939); W. A. Fowler, C.C. 
Lauritsen, Phys. Rev. 56, 840 (1939). 
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experimental heights cannot be held to have a 
great deal of significance. However, from the 
yalues given above, it seems likely that for the 
three levels observed, J>0. The highest level 
diminishes considerably in prominence at 137° 
(150° in the center of gravity system) and 
disappears completely at 112° (130°), suggesting 
very strongly that here J=2, since P,(125°) =0. 

Devons? in his work on the scattering of alpha- 
particles from carbon at 90° finds only one 
resonance corresponding to a broad peak at 
5.8 Mev. However, it is noticeable that there 
are small peaks present in his experimental data 
at energies close to the resonance values found 
here. In assigning the value J=1 to the level 
which he finds, Devons makes use of an incorrect 
formula for the resonance scattering. 

Inasmuch as the height of the 5.5-Mev 
resonance found by us was considerably greater 
than that found by Riezler in a comparable 
range, a check was made on the experimental 
procedure and analysis of results. For this 
purpose, a few runs were made with a copper 
scatterer and the ratio of observed to Coulomb 
scattering found to be within 10 percent of 
unity, which is less than the errors due to 
ignorance of the full range-energy relation of 
copper. Some runs with aluminum and boron 
also gave results comparable with Riezler’s. 
The possibility of contamination of the graphite 
was ruled out by failure to observe scattered 
particles of long range, and by the departure of 
the results from the angular dependence expected 
with such an impurity. 

The data for oxygen show two distinct reso- 
nances at 6.5 and 5.5 Mev. A J value of zero is 
definitely too small to enable the curve to pass 
through the points at either resonance without 
assuming that the background scattering changes 
suddenly in this neighborhood. The values for p 


TABLE II. Values of p for oxygen. 








E, in MEv 


J=0 | J=1 | J=2 





4.30 
3.87 
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obtained from the curve, and the formula quoted 
above, are 2.37 for the upper and 2.36 for the 
lower, if the negative sign is taken. These 
correspond fairly well to those for J=1 in both 
cases. If the positive sign is taken, the values 
obtained are 8.23 and 4.64, respectively. The 
value for the upper resonance is out of the 
question, and, for the lower, would indicate that 
J was 3 or 4, which is improbable. It thus 
seems that we can reasonably set J=1 for both 
levels. In Table II, p is given for values of J 
up to 4. 

The resonances do not appear clearly in the 
work of either Devons or Brubaker. This, how- 
ever, lends support to the idea that they are P 
levels, since the work of these investigators was 
carried out in the neighborhood of 90°, where 
they would be small due to the proximity of the 
zero in P,(@). 

The two resonances arise from excited states 
of Ne?® at 10.1 and 9.0 Mev above the ground 
state. These are in exact agreement with those 
found by Bonner" in the reaction 


1H?+ 9F > Ne?°+-on!. 


It would thus appear that alpha-particle groups 
corresponding to the two excited states should 
appear in the bombardment of fluorine by 
deuterons. This has been done by Burcham and 
Smith" whose measurements, unfortunately, do 
not go to a low enough range, i.e., below 3 cm, 
to detect particles from the upper level. Ac- 
cording to Bonner, these investigators actually 
found a group at 2.8-cm range, which would 
correspond to this level, but they apparently 
deleted it from their data due to the possibility 
of its arising from carbon contamination. 
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Artificially Radioactive Element 85 


D. R. Corson, K. R. MACKENZIE AND E. SEGRE 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received July 16, 1940) 


Bismuth bombarded with 32-Mev alpha-particles becomes radioactive. Two ranges of 
alpha-particles are emitted, one of 6.55 cm and one of 4.52 cm. These two alpha-particles are 
not genetically related. There are also x-rays which show the absorption characteristics of 
polonium x-rays. All these radiations separate together chemically as element 85, and all 
show the same half-life of 7.5 hours. The probable explanation of these effects is the following: 
Bi®*, by an (a, 2”) reaction, goes to 85", which decays either by K-electron capture to actinium 
C’(Po*") or by alpha-particle emission (range 4.5 cm) to Bi**’. The 6.5-cm alpha-particles 
are those of actinium C’. According to this scheme the second branch from 85*"' leads to Bi?’ 
which should decay to Pb**’, As yet we have been unable to find this activity. We discuss 
the chemical properties of element 85 and show that in general its behavior is that of a metal. 





INTRODUCTION 


HE sixty-inch cyclotron! of the Crocker 
Radiation Laboratory produces a beam of 
several microamperes of 32-Mev alpha-particles. 
We have used this beam to bombard a number of 
heavy elements. Lead and bismuth yield radio- 
active products which emit alpha-particles.** In 
the present paper we report the results of our 
experiments on bismuth. We chose to investigate 
this activity, first because it could be due to 
element 85, and because bismuth has a single 
stable isotope (209), thereby simplifying the 
identification of the radioactive products. 

The bombarded bismuth shows a number of 
different activities: (1) an alpha-particle group 
of 6.55 cm range, (2) an alpha-particle group of 
4.52 cm range, (3) a gamma-ray with an energy 
of about 0.5 Mev, (4) an x-ray or soft gamma-ray 
with an energy of about 80 kev, (5) a soft 
x-ray, and (6) a few low energy electrons. All 
these radiations exhibit the same half-life of 
7.5 hours. 


GENERAL DISCUSSION 


The fact that all the activities show the same 
half-life suggests either (1) that they are geneti- 


1E. O. Lawrence et al. Phys. Rev. 56, 124 (1939). 

2D. R. Corson and K. R. MacKenzie, Phys. Rev. 57, 
250 (1940). 

3D. R. Corson, K. R. MacKenzie and E. Segré, Phys. 
Rev. 57, 459 (1940). 

4In addition to these activities there are energetic 
positrons whose maximum energy of about three Mev 
and 9.4-hour half-life suggest that they are due to Ga® 
contamination produced _ the bombardment of Cu® with 


alpha-particles. This is confirmed by chemical evidence. 


672 


cally related, with the short periods in egyj. 
librium with a long one (7.5 hours), or (2) that 
there are branching disintegrations, or (3) that 
there is a combination of chains and branchingg, 
We first investigated the possibility of a genetic 
relationship between the two alpha-particle 
groups. In the first place, there is no growth of 
either group—after a 30-second bombardment 
both groups are present in their full intensity, 
According to the Geiger-Nuttall rule a 6.5-cm 
alpha-particle must have a half-life of the order 
of 10-* sec., so that the most reasonable assump. 
tion is that the short range alpha-partick 
precedes the long range one. Hence we attempted 
to count coincidences, with various resolving 
times, between the long range and short range 
alpha-particles. No coincidences were found. 
For the same purpose a photographic emulsion 
(Ilford, R 1) was impregnated with a solution 
containing the activities. Upon development the 
alpha-particle tracks occurred singly in the 
emulsion. Any sort of genetic relationship 
between the two alpha-particles, even with an 
intermediate beta-process, would lead to two 
tracks originating at the same point. As a third 
test, we arranged an evacuated, right-angled 
tube in such a manner that nuclei recoiling from 
one alpha-disintegration were collected in front 
of a counter. Only alpha-particles from a second 
disintegration could be detected by this counter. 
No counts were recorded. 

One might think that the two alpha-processs 
are alternative ways of disintegration of the 
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Fic. 1. Observed transmuta- 
tions in a proton-neutron dia- 

m. Bi2®, by an (a, 2”) reac- 
tion, goes to 85". This in turn 
disintegrates by alpha-particle 
emission (4.5 cm range) to Bi?” 
or by K-electron capture to 
Po*! (actinium C’). Actinium C’ 
emits alpha-particles (6.5 cm 
range) to go to Pb**’. The disin- 
tegration of Bi?” into Pb? has 
not yet been observed. Stable 
nuclei are indicated by heavy 
circles. 
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same isotope. This would be in conflict with the 
Geiger-Nuttall rule because, as stated above, the 
nucleus in question should have a half-life of 
the order of 10-* sec. instead of the observed 
7.5 hours. Moreover, careful measurements show 
that 60 percent of the alpha-particles are in the 
long range group and 40 percent in the short. 
This is additional evidence against the direct 
genetic relationship between the alpha-particles, 
and also against the branching from the same 
nucleus, because in such a case the Geiger-Nuttall 
tule requires a branching ratio given by \4.5/As.5 
=10~* sec./7.5 hr.=3.7X10-’, instead of the 
experimental value of 0.67. 

On the other hand, the fact that both groups 
have the same half-life strongly suggests that 
both groups originate from the same nucleus 
through some intermediate process, e.g., the 
nucleus with the 7.5-hour half-life could disinte- 





Bi Po Z 


grate either by an alpha (4.5 cm) or by a beta- 
process, the long range alpha-particle following 
immediately the beta-process. The ratio of short 
range to long range alpha-particles would then 
give the branching ratio of the alpha-beta 
process. 

Since the radioactive nucleus must lie below 
the ‘‘stability” line, the beta-process would be 
expected to be a positron emission or a K-electron 
capture. However, for such a heavy nucleus and 
for a disintegration energy compatible with the 
observed half-life, the probability of K-electron 
capture should be much larger than the proba- 
bility of positron emission.® In fact, no positrons 
with a 7.5-hour period are present whereas 
7.5-hour x-rays are found. This radiation consists 
in large part, at least, of polonium x-rays. This 


5C. Moller, Phys. Rev. 51, 84 (1937). 








I | I | | 
30F- 


25 











i | L | 





26 27 28 29 30 31 Mev 


Fic. 2. Excitation curve. 


was shown by critical absorption measurements. 
Since in a disintegration any x-rays follow the 
nuclear process, the product of the disintegration 
responsible for the x-rays must be polonium. 
We have shown that the parent substance is 
neither polonium nor bismuth by separating the 
unknown activity from these substances by 
evaporation from a bismuth target which had 
been bombarded with both alpha-particles and 
deuterons. The alpha-particles produce the 
activity in question, while the deuterons produce 
radium F (polonium). By heating filings from 
this target to the melting point in a vacuum the 
unknown activity was collected in an invisible 
layer on a cold glass plate, while the polonium 
remained behind. From this evidence we con- 
clude that the disintegrating substance is element 
85 going to polonium by a K-electron capture. 
The high energy alpha-particle has a range 
(6.55+0.04 cm), which is very close to the known 
range® (6.57 cm) of actinium C’, an isotope (211) 
of polonium. This strongly suggests that the 
primary product of the disintegration is 857" 
formed by an (a, 2m) reaction. 857" then decays 
with a half-life of 7.5 hours by alpha-particle 
(4.5 cm) emission to Bi*”’, or by K-electron 
capture to Po* (actinium C’). Actinium C’ 


*Lord Rutherford, C. E. Wynn-Williams and W. B. 
Lewis, Proc. Roy. Soc. 133, 351 (1931). 
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immediately disintegrates by the emission of an 
alpha-particle (6.5 cm), going to stable Phim 
According to this scheme (see Fig. 1), there 
must be one K x-ray for each long range alpha. 
particle. In a thin-walled Geiger counter, aboy 
500 times as many long-range alpha-particles ag 
K x-rays were counted. Considering the efficiency 
of the counter for x-rays, this is consistent with 
the hypothesis of equal numbers of alpha. 
particles and x-rays. 

The Bi?’ formed by the first branch should be 
unstable and decay to Pb*’, but we have no 
yet found this activity. A short period for jt 
seems to be ruled out because (1) Pb? woujg 
be in equilibrium with 85°" and the x-rays o& 
positrons would be in evidence, (2) we haye 
separated elemént 85 from bismuth in te, 
seconds, and have found no activity in the 
bismuth, and (3) there is no growth of activity 
in element 85 after the separation. On the other 
hand, a period of a month or less would haye 
shown up as a tail on our decay curves, but we 
have followed the x-rays over an intensity ratio 
of 500 with no clear evidence for any period 
other than the 7.5-hour one. This difficulty js 
made even more outstanding by considering the 
energy balance in the branching process. Bj” 
must have an energy excess of at least one Mey 
over Pb?°?, which should lead to an observable 
half-life, unless the transition is a forbidden one, 

The question arises why only the product of the 
(a, 2m) reaction should appear. The competing re. 
actions (a, p), (a, 2p), (a, mp) lead to thorium C’, 
actinium C and actinium C’, respectively, none of 
which would be observable in our experiments. 
An (a, ) reaction leads to 857", but it can be 
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Fic. 3. Range curve of alpha-particles from a thin & 
source (measured at 25°C and 757 mm pressure). 
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shown that this would be very improbable com- 
pared to the (a, 2m) reaction.’ 

We have made an excitation curve by bom- 
barding a stack of aluminum foils on which thin 
layers of bismuth had been evaporated. The 
foils had a nominal thickness of 0.0005 inch. 
The measured air equivalent thickness for 
alpha-particles of 4.5 Mev was 2.30 cm. For 
energies of 25 to 30 Mev we have taken the air 
equivalent to be 2.40 cm.® The thickness of the 
bismuth was determined by evaporating a similar 
film on Cellophane and determining the reduction 
in intensity of a light beam in passing through it. 
The air equivalent measured in this way was of 
the order of 0.1 mm, and has been neglected. 
The bismuth layers were assumed to be of 
uniform thickness since they were adjacent 
eighth-inch squares cut from a single sheet on 
which the bismuth had been evaporated. We 
have converted range to energy, using the data 
of Livingston and Bethe.*® 

The excitation curve determined in this way 
is shown in Fig. 2. There are two uncertainties 
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Fic. 4. The lower part of the diagram shows the K x-ray 
lines of lead, boat, polonium and 85. The length of the 
lines are proportional to their intensity. Dotted lines 
indicate the position of the absorption edges of platinum 
and tungsten. The weet part of the diagram shows the 
mass absorption coefficient (cm*/g) of platinum and 
tungsten as a function of wolnath. 


(1940). 
*M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 9, 
245 (1937). 


0) F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 
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in the energy scale, one caused by the inhomo- 
geneity® of the cyclotron beam and the other by 
the fact that the average energy is determined 
only by the resonance conditions in the cyclotron. 
Dr. R. R. Wilson estimates that the inhomo- 
geneity may amount to ten percent of the 
maximum energy. The uncertainty in the energy 
calculated from the resonance conditions exists 
because the ion source may not be at the 
geometrical center of the cyclotron. 
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Fic. 5. Absorption curves of x-rays and gamma-rays in 
latinum and tungsten. Thickness of absorber measured 
in thousandths of an inch. 











DETAILS OF MEASUREMENTS 


All the sources used in the alpha-ray and x-ray 
measurements were prepared in a manner similar 
to that described by Rona and Schmidt for 
polonium.'® The bombarded bismuth was placed 
in a glass tube with a constriction at one end 
and through which a stream of helium flowed. 
The walls of the tube were heated uniformly to 
the melting point of bismuth. The radioactive 
substance evolved from the bismuth was col- 
lected on a water-cooled plate placed in front of 
the constricted opening. In this way we obtained 
a source of about 20 microcuries (determined 
from the number of alpha-particles per second) 
on an area one cm in diameter. The bismuth 
residue contained the positron contamination 
previously mentioned. 

The alpha-particles were counted with a 


shallow (one-mm) ionization chamber in con- 


*R. R. Wilson, unpublished. 
1°E. Rona and E. A. W. Schmidt, Zeits. f. Physik 48, 
784 (1928). 
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Fic. 6. Absorption curves of x-rays after subtracting gamma-ray. Also theoretical absorption curves of lead, bismuth, 
polonium and 85 x-rays in platinum and tungsten computed from the data of Fig. 4. 


junction with a linear amplifier connected to a 
scale-of-eight recording circuit. To determine 
the range curve, the source and detector, 
together with collimation screens, were placed in 
a chamber in which the pressure could be varied. 
Then with a fixed source-to-detector distance, 
the counting rate was determined as a function 
of air pressure. As the pressure was changed, 
the depth of the ionization chamber was also 
changed to maintain a constant effective depth. 
To cover the complete range it was necessary to 
use three different source-to-detector distances. 
Thus, the final curve is the result of these three 
sets of data. Figure 3 shows the composite range 
curve, for 757 mm of mercury pressure and 25°C, 
with the abscissae being distances from the 
source to the front of the ionization chamber. 
The mean ranges so measured are 6.76 cm and 
4.65 cm. When reduced to 760 mm of mercury 
and 15°C these become 6.50 cm and 4.47 cm. 
A further correction must be added to these 
values for the effective depth of the ionization 
chamber." To determine the approximate magni- 
tude of this correction we placed the ionization 
chamber at a distance from the source equal to 
the mean range of the high energy group and 
then decreased the depth of the chamber until 


11 M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 


18 (1938). 


the counting rate began to decrease. At this 
point the chamber depth was 0.5 mm, which 
we take as the effective depth to be added to 
the range values. This gives final values of 
6.55+0.04 cm and 4.52+0.03 cm. The corte. 
sponding energies are 7.46 and 5.94 Mev, re. 
spectively. 

The x-ray wave-lengths could be measured 
only by absorption methods because of the low 
intensities available. It is difficult to identify 
characteristic K radiations of heavy elements by 
critical absorption methods because of the 
relatively large differences in the wave-lengths 
of the various K lines of a given element. This 
is evident from Fig. 4, in which the wave-lengths 
of these lines are shown for the elements near 
bismuth. The x-ray wave-lengths for polonium 
and element 85 are determined by interpola 
tion. We assume an intensity distribution of 
50:25 :17:8 for Ka; : Kaz : KB; : KBs, cor 
responding to the measured values for gold" 
The absorption edges of platinum and tungsten 
are indicated by the dotted vertical lines. All 
wave-lengths to the left of one of these lines are 
critically absorbed. The absorption coefficient d 
platinum jumps from about 2.5 cm?/g to about 
9.5 cm?/g in crossing the critical wave-length 


2 F, K. Richtmyer, Rev. Mod. Phys. 9, 391 (1937). 
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Thus, for the K x-rays of element 85, all four 
components will be highly absorbed in platinum, 
while in the case of polonium x-rays only three 
components, representing 75 percent of the 
intensity will be highly absorbed in platinum. 
In the case of bismuth and lead x-rays only two 
components, representing 25 percent of the 
intensity, will be critically absorbed in platinum. 
Our method has been to calculate theoretical 
absorption curves for the K x-rays of lead, 
bismuth, polonium and 85, in platinum and 
tungsten, and then to compare these curves with 
the experimental ones. Figure 5 shows the 
experimental curves, and Fig. 6 shows the same 
curves with the gamma-ray subtracted, together 
with the various theoretical curves. The shapes 
of the experimental curves are in good agreement 
with the theoretical curves for polonium K 
x-rays. The absolute value of the absorption 
coeficient does not agree very well, but this 
depends to a large degree on the geometry of 
the experimental arrangement. The absorption 
coefficient approaches the theoretical value as 
the geometry is improved. The final measure- 
ments were made with the best geometry 
consistent with the available x-ray intensity. 
The arrangement is shown in Fig. 7. By replacing 
the aluminum filter with paraffin one can 
observe some soft x-rays whose absorption 
coefficient in aluminum is consistent with that of 
L x-rays of polonium. 


CHEMICAL PROPERTIES 


Element 85 is the upper homolog of iodine, 
‘and it could be expected to have the properties 
of a halogen. On the other hand, in the last 
rows of the periodic system resemblance between 


‘elements with atomic number differing by one 


unit is quite marked and often more evident 
than the resemblance with the lower homologs. 
The neighbors of 85 are bismuth and polonium 
to the left, iodine as its lower homolog, and 
radon to the right. Element 85 seems to have a 
closer resemblance to polonium than to iodine 
and generally speaking has quite marked metallic 
properties. 

For the following experiments we filed the 
surface of the bismuth target and dissolved the 
filings in concentrated nitric acid, diluting the 
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solution afterwards to 0.25 normal. The analytic 
behavior of element 85 with common reagents is 
as follows: (1) Hydrochloric acid does not 
precipitate it using lead or thallium as a carrier. 
This reaction is suitable for separating 85 from 
lead or thallium. (2) Hydrogen sulfide: In acid 
solution up to six normal hydrochloric acid, 85 
is precipitated quantitatively using various 
carriers (bismuth, mercury, silver and antimony). 
A fractional precipitation with bismuth as a 
carrier obtained by decreasing the acidity from 
six normal hydrochloric acid shows a concentra- 
tion in the first fractions. 85 does not precipitate 
quantitatively in ammonium sulfide solution 
using silver or mercury as a carrier. On the other 
hand the extraction from a mixed precipitate of 
mercury and antimony sulfides, by ammonium 
sulfide, even with prolonged digestion, is incom- 
plete. (3) Ammonia or fixed alkali precipitate 85 
with various carriers (mercury, iron, etc.). 
Probably these precipitations are due to absorp- 
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tion since often they are not quantitative. 
(4) Fractional hydrolysis of bismuth nitrate by 
dilution with water enriches 85 in the first 
fractions. (5) Reducing agents such as sulfur 
dioxide, zinc, or stannous chloride in hydro- 
chloric or sulfuric acid solution precipitate 85 
quantitatively. Precipitation with sulfur dioxide 
in three normal hydrochloric acid with tellurium 
as a carrier affords a method for separating 85 
quantitatively from polonium, which stays in 
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solution." Sodium stannite does not precipitate 
85 and this reaction affords a good method for 
separating it from bismuth, tellurium, selenium, 
mercury, etc. (6) Silver nitrate does not precipi- 
tate 85 from a slightly nitric acid solution using 
potassium iodide as a carrier. Sometimes it is 
possible to collect a small fraction of the activity 
in this precipitation, but a further purification 
proposed by Buch-Andersen" in which the silver 
iodide is dissolved with sulfuric acid in the 
presence of zinc powder, the solution filtered and 
silver iodide reprecipitated from the filtrate leads 
to a completely inactive iodide, whereas the 
activity is found in the zinc. This behavior is 
interesting because it is definitely very different 
from the behavior of other halogens. It shows 
also that the methods used by Buch-Andersen 
in the search for element 85 in the natural 
radioactive families would not have led to an 
enrichment of 85 in the fractions studied by him. 
Hence, his negative experiments are not con- 
clusive and 85 might exist in nature. In this 
connection mention should be made of some 
observations by Minder’ which he interprets as 
proof for the existence of an isotope of 85 of 
mass 218 produced by beta-decay of radium A. 
Hulubei and Cauchois"* have also reported some 
experiments which they interpret as evidence for 
the existence of element 85 in the decay products 
of radon. (7) Some experiments were made in 
order to collect element 85 by distillation from 
a slightly nitric acid solution. Potassium iodide 
was added as a carrier, the distilled iodine was 
collected in a sulfite solution, and the 85 precipi- 
tated with hydrogen sulfide. Under our operating 
conditions the recovery of iodine is practically 
complete, but that of 85 was very poor and 
irregular. Under the same conditions polonium 
does not distill at all. By adding concentrated 
sulfuric acid as well as potassium iodide to the 
solution, the yield of the distillation was in- 
creased to about 50 percent. In these experiments 
the presence of the carrier seems to be essential 
and may possibly indicate a chemical action of 


13 M. Haissinsky, J. de Chemie Phys. 34, 94 (1937). 


a os 5) Buch-Andersen, K. Danske Vidensk. Selskab 16, 5 
16 W. Minder, Helv. Phys. Acta 13, 144 (1940). 
1®H. Hulubei and Y. Cauchois, Comptes rendus 209, 
39 (1939). 
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the carrier on 85. (8) Extraction with carbon 
tetrachloride with iodine as a carrier also gave 
a poor, but definite yield. (9) 85 is deposited op 
a copper plate from a 0.25 normal nitric agig 
solution containing bismuth and mercury. By 
heating cautiously the mercury which is algo 
deposited on the plate disappears and the 85 
stays behind. Some 85 can also be collected op 
bismuth by immersing a bismuth plate in a 0.25 
normal nitric acid solution containing 85 ang 
bismuth nitrate. (10) There are some indications 
for the formation of a hydride by the method of 
Paneth.'? (11) The very characteristic volatility 
and its application to the separation from 
bismuth has been mentioned before. (12) Drs. 
J. G. Hamilton and M. H. Soley'* have shown 
that 85 is concentrated in the thyroids of norma] 
and thyrotoxic guinea pigs and excreted in a 
manner similar to iodine, thus establishing the 
similarity of physiological properties of these 
two halogens. 

The chemical properties of 85 as outlined 
above are characteristic enough to rule out the 
rather remote chance that the activity be due 
to a fission product. As a matter of fact, by one 
or more of the reactions listed above it is possible 
to separate it from any other element. For the 
cases in which there could have been any 
suspicion, a direct separation has been effectively 
carried out; e.g., we have separated 85 from 
polonium, bismuth, thallium, mercury, selenium, 
tellurium, iodine, copper and silver. 

In the conventional systematic analysis, 85 
would be found in the hydrogen sulfide group, 
The separation from the naturally radioactive 


elements should not offer very serious difficulties, 


It must be borne in mind that the above results 
have been obtained with unweighable amounts 
of substance, and in applying them to macro 
scopic amounts the rules of radiochemistry must 
be taken into account. 

In conclusion, we wish to thank Professor E. 
O. Lawrence for his continued interest in this 
work. We are indebted to the Rockefeller 
Foundation and to the Research Corporation 
for financial support. 


17F. Paneth, Radioelements as Indicators (McGraw-Hill, 


1928), p. 80. : 
18 J. G. Hamilton and M. H. Soley, Proc. Nat. Acad. Sa. 


26, 483 (1940). 
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Radioactive Isotopes of Vanadium 
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Further consideration of the experimental facts concerning the active V of a half-life of 
600 days leads to the conclusion that it should be attributed to V* rather than to V“ as hitherto 
proposed. The relatively low yields of V® in the (d, m) reaction and of V® in the (a, p) reaction 
suggest the existence of not yet discovered long-lived isomers of these nuclei. 





HE purpose of this paper is to discuss some 
of the radioactive isotopes of V, pointing 
out that there seems to be evidence for the 
assignment of the 600-day activity to V** rather 
than to V‘? and that there are indications for 
the probable existence of long-lived isomers of 
y® and V®. No new experimental evidence is 
presented. 
For the convenience of the reader the stable 
isotopes of the elements involved in the dis- 
cussion are given in Table I. 


THE 600-Day ACTIVITY 


The long-lived V was studied by Walke, 
Williams and Evans! and tentatively attributed 
by them to V“t, partly because of the absence of 
any other activity which might be ascribed to 
that isotope, and partly because of reluctance to 
make the assumption of nuclear isomerism when 
not necessary. Their assignment was apparently 
confirmed by the later work of Walke, Thompson 
and Holt,? who were unable to observe this 
active substance in a sample of Ti which had 
been well bombarded by a-particles. Such bom- 
bardment can produce V nuclei of masses from 
49 to 53 inclusive by the (a, p) reaction. The 600- 
day active V is strong in the deuteron-bombarded 
Ti, the possible masses being 47 to 51 inclusive. 
V" and V“* are thus the two isotopes that can 
be produced by bombardment of Ti with deu- 
terons but not with a-particles. V** is known to 
have a half-life of 16 days and is unambiguously 
identified by its production in the Sc**(a, n)V* 
and Cr®°(d, ~)V** reactions. V‘7 was thus left for 
the 600-day activity. It may be shown as follows, 


ase Williams and Evans, Proc. Roy. Soc. A171, 360 
? Walke, Thompson and Holt, Phys. Rev. 57, 171 (1940). 
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however, that if the 600-day active V is either 
V* or V®* its intensity in the a-bombarded Ti 
would have been too low for it to have been 
observed, thus removing the basis for the argu- 
ment in favor of V‘’. 

In‘ their sample of a-bombarded Ti Walke, 
Thompson and Holt? did find an active substance 
having a half-life of 26.5 days that they proved 
to be Cr® produced in the Ti**(a, )Cr® reaction. 
They showed that the Cr®™ decays almost entirely 
by K capture, with resulting strong production 
of the K radiation of V. The “‘spots’’ produced by 
these x-rays in cloud-chamber pictures were 
observed in the samé way as those from the 600- 
day active V had been by Walke, Williams and 
Evans.' 57 days after activation the Cr® gave 
272 spots per plate. From this one calculates an 
initial intensity of 1200 spots per plate. Since 
the sensitivity for the detection of the x-rays 
from the active V must be substantially the same 
as for those from Cr", the intensity of the 600- 
day V to be expected may be calculated from 
the initial activity of the Cr®. (The difference 
between the sensitivities for detection of Ti 
x-rays and V x-rays, respectively, is negligible in 
the semi-quantitative argument that follows.) 
Provisionally ascribing the 600-day active V to 
an isomer of V*, the calculation goes as follows. 
The value of 1200 for Cr® must be multiplied by 
a factor of 26.5/600 to take account of the 
different decay constant, by a factor of 10.56/100 
because of the relative abundance of Ti‘’ and 


TABLE I. Stable isotopes. 








ELEMENT Mass NUMBERS AND ARUNDANCES 


21 Se 
22 Ti 
23 V 
24 Cr 





45(100) 
46(10.82) 47(10.56) 48(100) 49(7.50) 50(7.27) 


51(100) 
50(5.36) 52(100) 53(11.26) 54(2.75) 
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Ti*® (V*° assumed to be produced in the 
Ti*"(a, p)V® reaction), and by a factor much 
less than unity because of the relative proba- 
bilities of ejection of protons and of neutrons 
from the compound nuclei. From Fig. 3 of the 
paper of Weisskopf and Ewing* we may take 1/10 
as a conservative estimate of the relative proba- 
bility of the escape of protons and neutrons from 
compound nuclei having energies of ~22 Mev or 
less, as were produced in the bombardment by 
16-Mev a-particles. The predicted initial activity 
of the 600-day substance in spots per plate is 
thus 
26.5 10.56 1 


1200 Xx——_ x ——_-X— ~0.5. 
600 100 10 


Such an intensity could not have been observed 
in the experiments of Walke, Thompson and 
Holt since their last set of observations gives 
27+2.5 spots per plate, as taken from their 
Fig. 2. These experiments, therefore, do not 
preclude the assignment of the 600-day activity 
to V*®°. The conclusion does not depend on a too 
literal acceptance of the results of Weisskopf and 
Ewing, which are of only approximate validity 
for nuclei of mass ~50. Any factor in accord 
with the general principle that (a, p) reactions 
are appreciably less probable than (a, m) reac- 
tions would give a low result from which the 
same conclusion would be drawn. 

If the 600-day activity is attributed to an 
isomer of V** the argument is not so compelling. 
V** nuclei would be produced directly in the 
Ti**(a, p)V** reaction and also indirectly through 
the Ti**(a, m)Cr*® reaction. Cr*’, not yet identified 
experimentally, undoubtedly decays to V** by 
emission of positrons or by K capture. Since Cr*® 
is further removed from the bottom of the 
“valley” of the stable nuclei than is Cr®™ it may 
be expected to have a much shorter half-life and 
thus to have escaped observation in the experi- 
ments of Walke, Thompson and Holt. It is 
highly probable that in the well-aged sample of 
Ti studied by them practically all of the Cr*® 
had decayed to V** and that whatever amount 
of the latter was present had been produced 
chiefly from active Cr*® rather than more directly 
by the (a, p) process. A calculation like the one 


3 V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 


(1940). 
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made above gives 5 spots per plate for 
effective initial intensity of the 600-day activity 
if it is ascribed to V**. The abundances of Tj 
and Ti*’ are nearly the same and the factor of 
1/10 is omitted since it is the (a, m) Process 
which is now relevant for both Cr* and yo 
This activity would have decayed to 4 spots per 
plate after 145 days at which time the activity 
of the Cr was 27+2.5. This calculated value of 4 
is too close to the standard error of 2.5 for it to 
be concluded with assurance that the 600-day 
actiyity may not be attributed to V*. 

Although the foregoing argument does not 
decide between V** and V*® it does seem to 
obviate the necessity of attributing the long. 
lived V to V*’. As Wigner pointed out to Walke 
and collaborators’? the decay of V* almog 
entirely by K capture would be very difficult to 
understand theoretically. 

From their measurements on a sample of Tj 
which had been bombarded with fast deuterons 
Walke, Williams and Evans! concluded that the 
cross section for formation of 600-day V* in the 
Ti**(d, m)V* reaction is 10 times as great as that 
for the formation of V* in the Ti*’(d, »)y« 
reaction. For other assignments of the 600-day 
activity the calculation has to be modified 
merely so as to take account of the different 
abundance of the appropriate Ti isotope. If we 
assume the 600-day active nuclei to be V™ the 
factor of 10 is to be multiplied by 10.82/7.50 to 
give 14 for the ratio of cross sections, for the 
assumption of V** it must be multiplied by 
10.82/100 to get 1. The value of 1 is entirely 
reasonable, whereas a value of 14 is unlikely, 
The bombardment of Ti‘? and Ti*® nuclei by 
deuterons of 5 Mev of energy should produce 
compound nuclei of V** and V* excited to some 
thing like 19 Mev. There is no apparent reason 
why the probabilities of formation of these com- 
pound nuclei should differ markedly from each 
other, although the alternative possible occur- 
rence of the Oppenheimer-Phillips process makes 
it more difficult to estimate just what thes 
probabilities are. The energy of excitation d 
these compound nuclei is high enough so that 
the general considerations of the paper of Weiss 
kopf and Ewing? are applicable. There seems to 
be no reason why the escape of a neutron from 
the excited nucleus of V*™ should be 14 timesas 
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probable as that for escape from a V** nucleus. 

This eliminates V°° as a possibility for the 600- 

day activity, leaving only V**. The value of 1 

for the ratio of the cross sections for production 

of V8 and V*° is what one would expect, granting 

the same probability of formation of both com- 
und nuclei, V** and V*°. 

In the latter argument the 33-min. activity 
attributed to V** has been ignored. This is 
permissible since measurements by Walke? indi- 
cate a low yield of such active nuclei, negligible 
in comparison with that of the V** and the 600- 
day nuclei. His assignment of this half-life to V* 
seems to be unambiguous since 49 is the only 
mass number of a V isotope producible in both 
the Ti(d, m)V and Ti(a, p)V reactions that could 
not be produced by bombarding V*® with fast 
neutrons. 

It seems reasonable to conclude that there are 
two isomers of V*’, decaying with half-lives of 600 
days and 33 hours, the latter being the more 
highly excited and of a much lower probability 
of formation. Isomers of such relative half-lives 
and energies have already been found® for Ag!. 


PossIBLE LoNG-LIVED ISOMERS OF V*" AND V*® 


Walke‘ produced an active positron-emitting V 
having a half-life of 3.7 hr. by various methods 
which seemed to show conclusively that it is to 
be attributed to V*°. The cross section for its 
formation, however, was very low compared to 
that for V**. At the time Walke suggested that 


*H. Walke, Phys. Rev. 52, 777 (1937), especially Table I 
on p. 783. 

‘For references see J. J. Livingood and G. T. Seaborg, 
Rev. Mod. Phys. 12, 30 (1940). 
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the apparent large yield of V** might possibly be 
explained by the occurrence of the Ti**(d, 2n)V** 
reaction involving the abundant 48 isotope of Ti. 
The subsequent finding of the large cross section 
for the formation of the 600-day V obviated the 
necessity of considering the V** yield to be 
unusually large, and requiring special explana- 
tion. It seems that the energy of excitation is 
hardly high enough for the (d, 2”) process to be 
a relatively probable one. In spite of the obvious 
difficulties of making accurate estimates of rela- 
tive cross sections the difference between those 
for V*° and V* is so great that it must be con- 
sidered significant. Either the cross sections for 
the Ti‘?(d, m)V** and Ti**(d, n)V*® processes are 
greatly different for reasons not yet clear, or 
else there must be formation of other, as yet 
undiscovered, V*° nuclei in considerable quantity. 
They would have to be of very short or of very 
long half-life to have escaped detection. It is 
entirely possible that they decay to Cr® by 
emission of very soft negative beta-rays. 

Walke also found that Ti which had been 
bombarded with 11-Mev a-particles showed the 
33-min. and 3.7-hr. active V’s and an unidentified 
substance having a half-life of 68 hr. He was 
unable, however, to find any indication of V®, 
which has a half-life of 3.9 min., and should thus ~ 
be especially easy to detect. As Walke pointed 
out, the cross section of the Ti‘*(a, p)V®™ process 
is apparently very much less than that for 
Ti"(a, p)V®. This is contrary to theoretical 
expectation’ and leads one to suspect the exist- 
ence of a more probable isomer of V® which has 
escaped detection so far, presumably because of 
a long half-life and low energy of beta-particles. 
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From the observations of Barschall and Kanner on the scattering of 2.5-Mev neutrons in 
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helium is deduced the existence at this energy of a coupling between the spin and orbital 
motion of the neutron. Less clear-cut evidence points to appreciable interaction between a 
neutron and alpha-particle of two units of mutual angular momentum, the classical distance 


of closest approach of which would be 7X 10— cm. 





I. INTRODUCTION 


TAUB and Stephens! observed that the 
cross section for the scattering of neutrons 
in helium rises to a maximum when the incident 
particles possess an energy of about 1 Mev. 
From the magnitude of the peak cross section 
they were able to conclude that the resonance 
is associated with the formation of a_ short-lived 
He® nucleus possessing one unit of orbital 
angular momentum. Staub and Tatel? have 
since reported that they have resolved the 
maximum into two peaks lying at 0.95 Mev and 
1.25 Mev, and have given reasons* why the 
resonances are to be attributed to a P3;2 and a 
P12 level, respectively. The observed splitting 
indicates an interaction between spin and orbital 
angular momentum. Whatever be the origin of 
this interaction, its result will in general be such 
as to produce a difference in the scattering of 
neutrons of amy energy by helium nuclei, 
according as the spin of the neutrons is parallel 
or opposite to their angular momentum. Evi- 
dence for such a difference for neutrons of 2.5 
Mev energy based on the just published observa- 
tions of Barschall and Kanner‘ is offered in the 
present paper. 

A negligible effect of spin-orbit coupling on 
the scattering of 2.5-Mev neutrons might at 
first sight be anticipated in view of the relatively 
great difference between the primary energy and 
the energy of the just-mentioned levels. Accord- 
ing to the dispersion theory of nuclear reactions 


(1939) Staub and W. E. Stephens, Phys. Rev. 55, 131 

2 H. Staub and H. Tatel, Phys. Rev. 57, 936 (1940). 

3 See also a forthcoming paper of F. Bloch in the Physical 
Review. 

‘H. H. Barschall and M. H. Kanner, Phys. Rev. 58, 
590 (1940). 
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that part of the amplitude of the scattered 
wave which is of the spectroscopic character Ps 
and which arises from the effect of a single 
resonance level of energy E3;2 will vary with 
energy E, as does the expression® 


31 32/{ Es2—En— 3103/2}. (1) 


A similar dependence on energy will hold for 
the contribution to the P1/2 partial wave due to 
an isolated level. The widths of the two levels 
in question appear to be approximately equal, 
T y2+T32=T~0.4 Mev. From this fact and the 
small separation of the two levels, E1.—Ey, 
= (4/5)1.25—(4/5)0.95=0.24 Mev,® it follows 
(1) that the two amplitudes in question will 
vary with energy in nearly the same way outside 
the resonance region and (2) that both are 
relatively small for an energy E as great as 
(4/5)2.5 Mev=2 Mev. This argument, however, 
neglects the contribution to the amplitude of the 
two outgoing P waves due to higher resonance 
levels, the position of which is at present un- 
known. Conversely, influence on the scattering 
of such higher semi-stable states of the compound 
nucleus He® will be indicated by the following 
evidence of an appreciable difference at 2.5 Mev 
in the strength of the P12 and P32 partial waves. 


Il. Sprn-OrBIT INTERACTION Not NEGLIGIBLE 


If spin-orbit interaction were negligible at a 
primary energy of E,=2.5 Mev, the distribution 
in energy of recoiling helium nuclei should be in 


5G. Breit and F. L. Yost, Phys. Rev. 48, 207 (1935) 
and R. Peierls and P. L. Kapur, Proc. Roy. Soc. A166, 277 
(1938). ae 

*One-fifth of the energy of the impinging neutron 
appears as kinetic energy of the center of gravity of 
compound system and is not available for excitation. 
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accord with the standard Faxén-Holtsmark 
scattering formula.’ This gives the differential 
cross section, 2(#), for deflecting neutrons by an 
angle 3, as measured in the center-of-gravity 
frame of reference, into a unit solid angle of 
directions. The quantity actually measured in 
the experiments is the differential cross section, 
(dQ(E)/dE\dE, for delivering to a helium 
nucleus an energy between E and E+dE. The 
recoil energy is connected with the above- 


mentioned angle by the relation 
cos 8=1—2(E/Enmax), (2) 


where Emax is the maximum energy of recoil 
(1.6 Mev), given by the well-known formula 


Emax = primary energy times 4M,M,./(M,+M,)’. 


The relation (2) between angle and energy 
determines the connection between the corre- 
sponding differential cross sections: 


EmaxdQ(E)/dE=4n2(8). (3) 


Inserting for 2(#) the formula of Faxén and 
Holtsmark, we have 


(Emax/X*)dQ(E)/dE= R= |A,+3A, cos 3 
+5A a[(3/2) cos? 3—})]+---|*% (4) 


Here X is the distance of closest approach 
between a free neutron of the given primary 
energy and a helium nucleus, computed classi- 
cally for the case that the orbital angular 
momentum of the two particles about their 
center of gravity is one quantum unit: 


}=h/reduced mass times velocity 
=h/{32/25 neutron mass times 
neutron energy}! 
= 3.60 10-" cm for 2.5-Mev neutrons. 


(5) 


In terms of rx?=0.41 X10-** cm? as a unit, we 
may designate the left-hand side of Eq. (4) as 
the “relative intensity of scattering,”’ symbolized 
by the letter R. In the right-hand side of the 
equation the quantities A,, A», --- etc., repre- 
sent what may be termed the relative amplitudes 
of the partial waves of angular momentum zero, 
one, ---, respectively. Each such amplitude is 
a complex number between the magnitude and 





"See for example Mott and Massey, The Theory of 
Atomic Collisions (Oxford University Ree 
cially Chapter II, Section 1. 


s, 1933), espe- 
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phase of which there exists a relation most 
conveniently stated as follows: 


A,=1-—exp 2iS 
A,=1-—exp 2iP (6) 


A knowledge of the so-called ‘‘phase-shifts’’ or 
angles S, P, D, --- summarizes all the informa- 
tion which the observations can supply as to 
the interaction between the neutron and the 
alpha-particle if no spin-orbit coupling occurs.® 


A 
d 

















Fic. 1. In elastic encounters, neutrons of 2.5-Mev 
energy transfer to helium nuclei energy between E and 
E+dE with a probability measured by the cross section 
(dQ/dE)dE. The four a he curves, based on the assump- 
tion of negligible interaction between the spin of the 
neutron and its orbital motion, have been fitted to the 
observations of Barschall and Kanner at 0.34, 0.80 and 
1.26 Mev but clearly fail to give a satisfactory account of 
the results at other energies. A suitable superposition of 
S and P wave scattering with allowance for spin-orbit 
coupling, however, gives reasonable agreement with ex- 
periment, as shown by the smooth parabolic curve. The 
quantity +X? is a natural unit with which to compare the 
cross section for scattering. 


The distance at which the neutron and alpha- 
particle first appreciably interact can hardly be 
greater than 5X10-" cm, according to all 
estimates of nuclear dimensions and of the range 
of specific nuclear forces. Comparison of this 
length with the classical distance, X, of closest 
approach for one unit of angular momentum 
indicates that S and P wave scattering will be 
important in accounting for the observations 
and that there may also be a small amount of 
D wave. It will however be legitimate at the 
energy in question to neglect all partial waves 
of higher order. 

Compare Eq. (4) with the differential cross 


* For a discussion of the significance of phase shifts in 
general, see reference 7. 
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section (see Fig. 1) observed at the three energies 
E=0.34, 0.80, 1.26 Mev (cos }=3-+, 0, —3-4): 


R(0.34) =14.1=|A,+3!4,|? 
R(0.80)= 6.1=|A,—(5/2)Aa|? (7) 
R(1.26)= 3.5=|A,—3!4,|2. 


These three equations for the three unknown 
amplitudes or for the corresponding phase-shifts, 
S, P, D, possess eight solutions, of which four 
are listed in Table I. The other four are obtained 
by reversing the signs of the angles in the first 
four solutions (a transformation which in fact 
leaves unaltered the scattering at every angle, 
according to Eqs. (4) and (6)). Inserting the 
phase shifts into expression (4), we calculate the 
differential cross section throughout the observed 
range of energies of recoil. The dashed curves 
in Fig. 1 present the results. The disagreement 
with the measurements greatly exceeds the 
experimental errors and thus shows that the 
assumption of negligible spin-orbit interaction 
is untenable. To gain some idea of the strength 
of this interaction is the purpose of the following 
considérations. 


III. INTERPRETATION OF OBSERVATIONS IN 
TERMS OF S, P1;2 AND P3;2 WAVES 


With coupling between spin and orbital 
angular momentum taken into account the 
relative intensity of scattering will be given by 


R=|A,+(A>,,+24>,,) cos 3 
+ (2A a, +34 4,.)[(3/2) cos? 3-3) ] 

+-+-|*+|(A,z,,—Ap,,) sin d 

+(Aa,,—Aa,,)3 sin 3 cos #+--- |?, (8) 


a result derived by Mott® for the scattering of 
electrons. The relative amplitudes A are complex 
numbers expressible through relations of the 
form (6) in terms of phase shifts S, P1y2, P32, 
Ds2, Ds2, «++. On the right-hand side of Eq. (8) 
the two members correspond, respectively, to 


TABLE I. Four of the eight solutions of Eqs. (7). 











SOLUTION Ss P D 
I —87° 40° 35° 
II — 87° 40° —47° 
III 31° 53° 43° 
IV 31° 53° — 20° 








*N. F. Mott, Proc. Roy. Soc. A135, 437 (1932). 
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the intensity of scattering processes in which 
the direction of the spin of the neutron is or is 
not changed by the interaction with the alpha. 
particle. 

Partial waves of angular momentum greater 
than two units being negligible, and the D wayes 
themselves being weak according to the above 
comparison of X% with the range of interaction, 
it is reasonable in a first approximation to try to 
account for the observations in terms of S, P,, 
and P3/2 waves alone. If neglect of D waves ig g 
good approximation, the relative intensity of 
scattering should be representable as a poly. 
nomial of the second degree in cos # in conse. 
quence of Eq. (8) or, in view of Eq. (2), asa 
second-degree function of the energy of recoil 
A second-degree function does in fact give a very 
good representation of the observations, as one 
sees by comparing with the experimental points 
in Fig. 1 the smooth curve, representing the best 
fitting parabola. The second-degree dependence 
of intensity of scattering on the energy transfer 
is a necessary consequence of vanishing ampli- 
tude of the D waves but does not conversely 
prove that the D waves are negligible. Moreover 
we still have to investigate whether any choice 
whatever of the three phase angles S, Pi)», Py, 
will allow us to obtain the particular parabola 
shown in Fig. 1. 

The parabola in Fig. 1 will be completely 
specified through its ordinates at the three values 
of the energies corresponding to cos # = 3-4, 0 and 
—3-4. Denote the corresponding values of 
scattering by R,, Ro and R_. The values meas. 
ured for these quantities at the energies 0.34, 
0.80 and 1.26 Mev allow us to deduce from 
formula (8) three equations for the three 
unknown quantities S, Pi;2 and P3;2: 



































Ro =6.1= |exp 21S—1)|? 
+ jexp (2¢P1;2—2iP3/2)—1)*, (i) 


434(R, —R_)+3=13.5 
= |exp 2iS+exp 2¢P12—1|? 
+2\exp 2iS+exp 27P3;2—1|*, (Si) 


R,—2Ro+R_4+1=7.4 
= |exp 2iP4/2+2 exp 21P3;2—2|*. (Siti) 











Each relation between the three parameters is 
represented as a surface in Fig. 2. The simple 
form of Eqs. (9) made it possible to do all the 











appre 
inters 
measi 
perce 
the sc 
of re 
the si 
arrow 
of S, 
howe 
differe 
about 
can b 
as du 





which 
3 OF is 
alpha- 


reater 
Waves 
above 
Ction, 
try to 
, Py 
PS 1S a 
ity of 
Poly. 
conse- 
» aS a 
recoil, 
4 Very 
iS One 
DOiNnts 
e best 
dence 
ansfer 
impli- 
ersely 
eover 
hoice 
q P 3/2 
abola 


letely 
values 
0 and 
es of 
meas- 
0.34, 
from 
three 


(iti) 


ers is 


imple 
| the 












Fic. 2. The ape me 
abolic curve in Fig. 
Pedetermined by the three 
phase shifts S, Piy2 and 
Py: and conversely gives 
three equations (9i, ii, iii) 
from which these param- 
eters may be found by the 
construction in the figure. 
The dashed arrows show 
the effect of an increase 
of all the experimental 
values by 20 percent. The 
hases are measured in 
degrees. The diagram re- 
ats itself whenever one 
of the angles increases by 
180°. Only half of the 
“ynit-cell” is shown be- 
cause the other half. is 
obtainable by inversion 
at the origin: S, Pir, 
Py —S, —Piy2, — P32. 
The solutions are marked 
a, b, ¢, d. 
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necessary Calculations by graphical methods. 
Intersection of the three surfaces in the figure 
shows that the observations can be interpreted 
in terms of S and P waves alone. For solutions 
a and b we have S=47°, | Pij2—P3/2| =84°; for 
cand d, S=84°, | Pij2—P3,;2| =47°. Our measure 
of the strength of the spin-orbit interaction, 
the difference | P1/2—P3/2|, cannot be fixed very 
precisely first, because even weak D waves may 
appreciably distort the shape and position of the 
intersecting surfaces and second, because the 
measurements are uncertain by about +20 
percent in absolute magnitude. An increase of 
the scattered intensity at all values of the energy 
of recoil by 20 percent, for example, changes 
the surfaces in Fig. 2 as shown by the dotted 
arrows. While this alteration affects the values 
of S, Pi and P32 individually it does not 
however change the order of magnitude of the 
difference of the phases of the P waves, which is 
about 60°. This is a much larger difference than 
can be accounted for on the dispersion theory 
as due to the resonance levels of 1 Mev, and 





provides evidence for the influence on the 
scattering of higher semi-stable states of the 
compound nucleus He®.® 


IV. EstIMATE OF STRENGTH OF D WaAvEs 


Some information of the possible amplitude 
of partial waves with two units of angular 
momentum comes from a more detailed study 
of the dependence of the observed scattering on 
the energy of recoil. When there are appreciable 
D waves the relative intensity of scattering, R, 
will in general be a fourth-degree function of 
energy or of cos 3 


R=ao+a; cos d+ ---+a,4 cost 3 (10) 


’ Note added in proof.—The lower limit to the difference 
between Pi/2 and P32 is determined almost entirely by the 
unshaded cylindrical surface of Fig. 2 and hence by the 
number of recoils observed to have 0.8 Mev energy. Some 
of the 2.5-Mev neutrons will have lost energy on their way 
to the chamber and will be responsible for a small fraction 
of the observed recoils, a fraction for which test experi- 
ments (reference 4) gave a value of not more than 10 per- 
cent at 0.8 Mev. Only if the absolute cross section is in 
further error by 30 percent in the same direction will the 
construction of Fig. 2 allow a value of | Pi.2—Ps2!| suffi- 
ciently small (2 or 3 degrees) to be attributed on the basis of 
the dispersion theory entirely to the double level at 1 Mev. 
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Fic. 3. Indication of weak 
scattered D waves is provided 
by study of the fourth-order 
curves which fit the observations 





















in Fig. 1 as well as or better than 
the smooth second-degree curve 
shown there. One measure of the 
strength of the fourth-order 
term, the quantity a4= —16+10, 
is connected with the phase 
shifts Ds;2 and Ds,2 by the con- 
struction at the top of the figure, 
The value of a, and of a similar 
quantity, a;3= — 12+7, single out 
the dashed regions in the lower 
diagram as giving values of Dy; 
and Ds. which best fit the data. 
The smooth curves are labeled by 
the respective values of a,, the 
dashed curves by the values of 
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according to Eq. (8). With what values of as 
and a, will expression (10) fit the measurements 
as well as or better than the smooth second- 
degree curve shown in Fig. 1? For an estimate 
of a3 and ay, we start from values of R as meas- 
ured at five values of the energy equally spaced 
between 0.35 Mev and 1.45 Mev. We take third- 
and fourth-order differences of these values. By 
use of formulae connecting these differences with 
the coefficients in (10) we find 


a@3= —12+47 a4= —16+10. (11) 


Here the errors are based on the standard errors 
indicated in Fig. 1 and take no account of 
possible systematic errors. 









0 


The coefficient a, is determined by the phase 
shifts Ds;2 and Ds;2 alone, 


a4=9|Aa,,+Aa,,|?—9|Aa,,—Aay,” 
according to Eq. (8), whence 


a,4/15+1 
= |exp 21D 3;2+ (3/2)exp 2iD5)2—3/2\?. (12) 


On the basis of the latter equation, which has a 
simple geometrical interpretation, the smooth 
curves in Fig. 3 classify the possible values of 
Dsj2 and Ds/2 according to the values resulting 
for ay. If the observations gave a smaller errors 
for this fourth-order coefficient, it is seen that a 
complete determination would result for the 
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phase angles of the two D waves: D32= +35°, 
Dsp= 19°. Without the leeway of this probable 
error we should however run into a contradiction. 
Equation (8) expresses the relative intensity of 
scattering for cos 3=0 (E=0.8 Mev, R=6.1) as 
the sum of two terms, of which one, |exp 2¢P1/2 
—exp 2P3/2|2, cannot exceed 4. The other, 


|1—exp 2uS—1 , 
+exp 2iD3)2—3/2+(3/2) exp (24Ds5,2) |*, 


has its maximum value when the complex 
number exp 22S is rotated into parallelism with 
the vector which represents the sum of the 
remaining complex quantities. The scattering 
therefore has an upper limit 


Rmax(0.8 Mev) =4+ { |exp 21D3/2 
+ (3/2) exp 21D5;2—3/2| +1}? 


directly expressible in terms of ay: 
Rmax(0.8 Mev) =4+ { (a4/15+1)!+1}% (13) 


To yield a value for the relative intensity of 
scattering as large as that which is observed 
(R=6.1), the coefficient of cos‘#® must be at 
least as great as —12.4. This requirement can 
be fulfilled in virtue of the error in a4, and in 
conjunction with the estimated limit of error it 
allows us to say that the most probable value of 
the fourth order coefficient lies between — 12.4 
and —6. The corresponding allowed values of 
Ds and Ds, lie in two oval bands in Fig. 3. 

To extract all information from estimate (11) 
of the coefficient of cos’ 3 is difficult because a; 
depends upon four phase shifts: 


a;=45—15 cos 2P;;2—30 cos 2P 3/2 
+15 cos (2P1;2—2D5;2) 
+18 cos (2P3/2—2Ds)2) (14) 
+12 cos (2P3/2—2Ds5/2) 
—18 cos 2D3;2—27 cos 2D5/2. 


With respect to variation of the angles P1/2 and 
Ps, however, expression (14) has a lower limit, 


23 min= 18(1 — Cos 2D 3/2) +27(1 — Cos 2Ds5/2) 
—|30—18 exp 24D3/2—12 exp 2iDs)2| (15) 
“_ | 15—15 exp 2D 5/2\ ’ 


on the basis of which dashed lines serve to 
classify Fig. 3 into regions of favored and 
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. unlikely values of D3. and Ds,2. The regions 


where @3 min is less than —12+7=-—S include 
nearly all of both rings consistent with the 
observed value of ay, and make additionally 
improbable those values of the phase shifts 
which lie in regions a and b of the diagram. A 
direct calculation shows that regions 6 and c 
correspond to values of D3;z and Ds,2 such that 
no choice whatever of the angles S, Pi. and 
P3/2 will reproduce the observed dependence of 
scattering on energy transfer. The most likely 
values for the phase shifts of the waves of two 
units of angular momentum correspond to the 
shaded region running from d to e in the diagram. 
The most probable value of the difference 
| D3;2—Ds5,2| is about 40°, although a satisfactory 
representation of the observations can be ob- 
tained with D3,2=0, Ds;2=0, as we have already 
seen. 


V. CONCLUSION 


The observations of Barschall and Kanner* on 
the scattering of 2.5-Mev neutrons in helium 
cannot be satisfactorily interpreted without 
taking into account the influence of coupling 
between spin and orbital motion of the neutrons. 
The measured distribution in energy of recoiling 
helium nuclei is associated with an angular 
distribution of scattering which is well repro- 
duced by a superposition of strong outgoing S, 
P12 and P3,;2 waves. The difference between the 
phase shifts of the latter two waves is large, of 
the order of magnitude of 60°. A closer examina- 
tion of the measurements gives some indication 
of weak D3;2 and D;;2 waves with a difference of 
phase shifts of the order of magnitude of 40°. 
This difference furnishes one measure of the 
strength of the spin-orbit coupling. The other 
measure, the difference of the Pi, and P3,2 
phases estimated on the assumption D waves are 
negligible, will probably be somewhat in error 
because of this negléct, but the information 
available from the observations is not sufficient 
to permit a satisfactory redetermination of the 
amplitudes of the P waves. 

We are indebted to Professor R. Ladenburg 
for discussion of this paper and for communica- 
tion of results of independent considerations on 
the subject. 
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Decay of the 4.5-Hour Br*° Isomer 


Don DEVAULT AND W. F. Lipsy 
Department of Chemistry, University of California, Berkeley, California 
(Received August 15, 1940) 


Evidence of a limit of 85+4 percent to the chemical extractability of the 18-min. bromine 
from its 4.5-hr. parent isomer is presented. This is interpreted as the fraction of 4.5-hr. bromine 
which emits conversion electrons. In agreement with Grinberg and Roussinow gamma-rays 
of about 30 to 40 kev average energy were found coming from the 4.5-hr. bromine. It does not 
seem possible to make a unique interpretation yet. The presence of a gamma-ray accompanying 
the 18-min. peridéd is confirmed, but its energy is placed above 0.6 Mev. 
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I. INTRODUCTION 


ONSIDERABLE confusion surrounds the 

radiations emitted by both the 18-min. and 
the 4.5-hr. Br®®. The discovery that at least a 
large part of the 4.5-hr. bromine changes to the 
18-min. form!~* has both cleared up some points 
and raised others. Snell‘ observed a gamma-ray 
of “less than 0.5 Mev” from the 18-min. form, 
but it becomes uncertain because he observed 
none from the 4.5-hr. period although it is now 
known that there must have been 18-min. bro- 
mine present in equilibrium with his 4.5-hr. 
sample. Buck found a gamma-ray with the 4.5-hr. 
period but said that it must be softer than the 
18-min. gamma-ray found by Snell. Abelson* and 
Roussinow and Yusephovich’ observed Br x-rays 
associated with the 4.5-hr. period. Roussinow and 
Yusephovich found! and measured® conversion 
electrons of 34 and 47 kev from the 4.5-hr. 
period. Valley and McCreary® found and meas- 
ured these and also a third line of conversion 
electrons of 24 kev from the 4.5-hr. period. The 
corresponding gamma-ray energies would be 48.9 
and either 37.1 or 25.3 kev. Siday’® from cloud- 
chamber work concluded that the conversion 


1L. I. Roussinow and A. A. Yusephovich, Comptes 
rendus Acad. Sci. U.S.S.R. 20, 645 (1938). 
2 E. Segré, R. S. Halford and G. T. Seaborg, Phys. Rev. 
55, 321 (1939). / 
( 939) DeVault and W. F. Libby, Phys. Rev. 55, 322 
1 F 
4A. H. Snell, Phys. Rev. 52, 1007 (1937). 
5 J. H. Buck, Phys. Rev. 54, 1025 (1938). 
6 P. Abelson, Phys. Rev. 55, 424 (1939). 
7L. I. Roussinow, and A. A. Yusephovich, Phys. Rev. 
55, 979 (1939). 
8L. I. Roussinow, and A. A. Yusephovich, Comptes 
rendus Acad. Sci. U.S.S.R. 24, 129 (1939). 
( 939) E. Valley and R. L. McCreary, Phys. Rev. 56, 863 
1939). 
10R, E. Siday, Nature 143, 681 (1939). 
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coefficient was about 0.3. As will be discussed 
later the finding of cases in which a much larger 
fraction of the isomeric transitions than this pro- 
duce chemical reaction makes it necessary to 
conclude that the conversion coefficient must be 
much higher. 

While this paper was in preparation the work 
of Grinberg and Roussinow"™ appeared in which 
they report unconverted 37-kev gamma-radiation 
from the 4.5-hr. bromine. Their measurements 
further exclude the possibility of any large pro. 
portion of gamma-rays of other energies. Section 
III of this paper may therefore be taken as a 
confirmation of their first finding. 
















II. CHEMICAL EVIDENCE FOR THE 
AMOUNT OF CONVERSION 







A continuation of the study of the chemical 
effects induced by the isomeric transition has 
given data which seem to bear directly on the 
problem outlined above. It is intended to publish 
the details of the work and a discussion of the 
chemical effects in a chemical journal. However, 
the results of interest here are presented in the 
accompanying tables. They show the apparent 
existence of an upper limit of 85 + 4 percent to 
the amount of activity which can be extracted 
chemically in 18-min. form from a compound 
containing 4.5-hr. Br*°. 

The substances listed in the second column of 
Table I contained Br*®® of 4.5-hr. half-life and 
were allowed to stand under the conditions listed 
in the next column long enough for the 18-min. 
Br®° present to reach equilibrium with its 4.5-hr. 
parent. A chemical extraction was then per 

























A. P. Grinberg and L. I. Roussinow, Phys. Rev. %, 
181 (1940). 
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TABLE I. Amount of 18-min. activity extracted from various Br** compounds under various conditions. Methods of extraction: 
(1) by pure water, (a) by shaking either gas or liquid with water, (b) by spraying water into gas, (c) by adding water and CCl, 
or benzene to get a separation of layers. 6) By adding inactive Br2 (except when already present) and immediately (a) shak- 


‘ag with Na2SOs solution or (6) spraying Na2SO; solution in, (c) shakeng with KI solution. (3a) By adding Br~ and then 
Ag(NHs)2*, (b) by adding Br~, Ag(NHs3)2* already present in the BrO;~ solution. 








METHOD OF AmT. 18-MIN. 
CONDITIONS Ext'N Ext'p 


CoMPOUND 








(+4% for 

Present experiments most of these) 
gas, 21 mm la 95% 
gas, 94 mm 2b 90° 
solution in EtOH 1c 89 
solution in EtOH le 89 
gas, 9 mm 2b 86° 
80% gas (459 mm)+20% liquid la 85 
gas, 318 mm la 84 
C:H;Br gas, 9 mm+400 mm argon 2b 84° 
C:H;Br gas, 9 mm+100 mm argon 2b 83° 
BrO;— solution in H,O 
BrO;— solution in HO 
C.H;Br 80% gas (459 mm+)20% liquid 
CHBr; gas, 3 mm 
BrO;~ solution in H,O 
BrO;— solution in H,O 
C.H;Br gas, 12 mm+380 mm argon 
BrO;~ solution in H,O 
C.H;Br 


C.H;Br 
C.H;Br 
C.H;Br?® 
C.H;Br 
C.H;Br 
C.H;Br 
C.H;Br 


CONIA Ore 


gas, 0.5 mm 
(CH.Br)s gas, 10 mm 
gas, 21 mm+20 mm H,0O vap. 
liquid at 0°C 
solution in CCl,+ Bre 
gas, 21 mm+500 mm argon 
gas, 21 mm+700 mm argon 
solution in CCl, 
liquid at 0°C 
solution in CCl, 
solution in CCl, 
solution in m-pentane 
solution in CCl, 
solution in CsH;Br 
solution in CCl,+CH;CH =CHC,H; 


C.H;Br 
C.H;Br 
*Hs;CHBrCHBrC:Hs 


C.H;Br 
CH;CHBrCHBrC.H; 
C.H;Br 

(CH;)sCBr 

CHBrs 

C.H;Br 

C.H;Br 

C.H;Br 


CH;CHBrCHBrC,H; 





(CH;)sCBr 
(CH2Br): 


Previously published results 
solution in CH;OH+H,0 
liquid+5% of CsH;NH2 


BrO;— solution in water 
Bre solution in CCl, 








* Unpublished experiments by Charles H. Klute and Edward L. Wagner. 

* These values are corrected for incomplete attainment of equilibrium before extraction. 

+ This was CsHsBr that was irradiated with neutrons and used directly. Much of the 4.5-hr. activity may have been in other forms [E. 
Gliickauf and J. W. J. Fay, J. Chem. Soc. 390 (1936)] such as CsH«Bre, etc. 4.5-hr. activity extractable by Brz2 and Na2SO; solution was pre- 


viously removed. ; : 
¢ These are the sums of several successive extracts corrected for small new amounts of 18-min. Br formed between extracts. 


formed by the method indicated in the next to and 17 and by calculation from the measured 
the last column. In experiments 3 and 11 (and in _ specific activity of the bromine used in preparing 
those of DeVault and Libby*® and le Roux, Lu the parent compound in the other experiments. 
and Sugden, Table I'*) the growth of the activity The last column tells the percent of the total 
of the parent compound after extraction was activity (minus 34-hr. Br® activity) present at 
measured. In the other cases the 18-min. activity the time of extraction which was removed in 
of the extract was measured, and the total 18-min. form by the extraction. The second part 
amount present at the time of separation was _ of Table I gives the previously published results 
determined by direct measurement on some of _ in similar form. 

the parent substance in experiments 10, 14, 15 Although the amount of 18-min. bromine 
activity left ultimately in extractable form by 


BL. J. le Roux, C. S. Lu and S. Sugden, Nature 143, s z ote: 
various chemical conditions ranges from 0 to 


517 (1939). 
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Fic. 1. Aluminum absorption of gamma-rays. Upper 
curve: 34-hr. Br®®. Lower curve: 18-min. Br®® purified by 
isomer separation technique, a small amount of 4.5-hr. 
and 34-hr. activities still present being corrected for. All 
points are corrected for decay. The similarly corrected 
counts without paraffin were: Upper curve, 1300; lower 
curve 3.0 10° sixteens per minute. 


95 percent of the total activity (many results 
below 75 percent are omitted to save space), the 
range of values from 79 to 90 percent (all within 
experimental error of about 85 percent) is reached 
under widely different conditions such as: with 
gaseous ethyl bromide and bromoform and with 
aqueous or alcoholic solutions of bromate, ethyl 
bromide and bromobenzene, and is obtained by 
measurements on both extract and residue. Yet 
only one value, probably high, was found between 
91 and 100 percent. 

It seems worth while therefore to consider this 
apparent limitation to the amount that can be 
extracted as imposed by the nuclear or other 
processes that would not be appreciably in- 
fluenced by neighboring atoms. 

85+4 percent of the decay of the 4.5-hr. bro- 
mine must be by conversion electron emission 
since it does not seem that any other process 
could break the bonds.’*"* The other 15 percent 
could be by (1) gamma-ray emission, (2) beta- 
ray emission, in which the 4.5-hr. bromine goes 
directly to krypton, (3) conversion electron emis- 
sion which occurs in another way so as practically 


at E. Willard, J. Am. Chem. Soc. 62, 256 (1940). 

4 This point has already been discussed in the literature. 
F. Fairbrother, Nature 145, 307 (1940) ; and G. T. Seaborg, 
G. Friedlaender and J. W. Kennedy, J. Am. Chem. Soc. 
62, 1309 (1940). 
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never to lead to chemical reaction, or (4) mixtures 
of these. For (3) some sort of deactivation of the 
atom after the emission which can proceed nearly 
independently of neighboring atoms may be sug. 
gested. There is probably not enough difference 
between K- and L-electron emission either with 
or without Auger electrons to make the difference 
between possibility and impossibility of Causing 
decomposition. (1) affords the simplest interpre. 
tation. In case of (2) the 15 percent of unextract. 
able activity comes from 4.5-hr. bromine itself 
rather than from 18-min. bromine in equilibrium 
with it and may introduce some error into the 
determination of the relative amounts if it is not 
counted with the same efficiency as the 18-mip. 
beta-rays. 


III. DETECTION OF UNCONVERTED GAMMaA-Rays 


Detection of unconverted gamma-rays should 
aid in interpreting the above results. Evidence 
for these radiations has been obtained by absorp. 
tion measurements on the radiations from 4.5-hr. 
Br®°. 

The detector was an aluminum-walled (60 mg 
per cm? wall thickness), argon-alcohol-filled 
counter coupled to a high speed scaling and 
counting circuit. The counter tube was syr- 
rounded by an inch or more of lead, in which was 
cut a window to admit the radiations. The radia- 
tions were taken from 2-mg samples of AgBr 
spread out on 15-mm diameter pieces of filter 
paper and covered with Cellophane. They were 
placed about 3 cm from the window in the lead, 
or 12 cm from the counter tube. The absorbers 
were placed next to the samples. 

The 18-min. Br®® was not removed but allowed 
to reach equilibrium with the 4.5-hr. mother 
activity, and its 2-Mev beta-rays were removed 
by filling the window in the lead shield with 
paraffin 2.6 cm thick. (This amount of parafin 
should transmit about 11 percent of the 12-key 
Br K x-rays, about 54 percent of any 25-key 
gamma-rays, and about 68 percent of any 50-key 
gammas.) Unfortunately, a certain amount of 
34-hr. Br*® activity is produced with the 4.5-hr. 
in the neutron bombardments. For these reasons 
it was necessary to determine the absorption 
curves for both the 18-min. and the 34-hr. activ- 
ties separately and to subtract them from the 
4.5-hr. curve. 

















it of 
5-hr. 








Figure 1 shows the absorption curves in Al for 
the pure 18-min. and 34-hr. activities, while Fig. 
2, curve A, shows the 4.5-hr. curve after sub- 
traction of the 34-hr. activity (obtained by 
allowing the sample to stand and measuring the 
intensity of the 34-hr. activity after the 4.5-hr. 
had decayed). It is obvious from these data that 
there is soft radiation present in the 4.5-hr. case 
not present in the others. 

Just how much of the gamma-radiation in the 
4.5-hr. case is made up of the hard 18-min. radia- 
tion cannot be determined from Fig. 2 alone, 
because the measurements were not carried to a 
large enough thickness of aluminum. However, 
the absorption of these radiations by 1.73 mm of 
lead was also determined. The transmission 
through this in the 4.5-hr. case was 0.26 of the 

fin transmissible (also 0.90 for the 34-hr. 
and 0.9 for the 18-min.). The slope of curve A, 
Fig. 2, for the total 4.5-hr. even without correc- 
tion for any of the hard component is steep 
enough to show that none of the soft gamma-rays 
would be transmitted by the lead. Curve B, 
Fig. 2, is the amount of 18-min. activity cor- 
responding to the lead transmissible radiation. 
If one compares the ratio of this amount of 
18-min. gamma-ray counts to the amount of 
beta-rray counts associated with the 4.5-hr. 
period (see legend under Fig. 2) with the similar 
ratio for the pure 18-min. (Fig. 1), there appear 
to be about 25 percent more beta-rays present in 
the 4.5-hr. sample than would correspond to the 
amount of 18-min. activity chosen. There is some 
possibility, however, that the errors in measuring 
the large beta-ray activities are as great as this. 

Curve C, Fig. 2, is the difference between 
curves A and B. Its slope corresponds to radia- 
tion of 30 to 40 kev. It was expected that this 
would be a mixture of 49-kev and softer gamma- 
rays, but the work of Grinberg and Roussinow"™ 
already mentioned has shown by means of selec- 
tive absorbers that it is mostly, if not entirely, 
37-kev. 

Grinberg and Roussinow estimated the ‘‘yield”’ 
of these rays by comparison of their intensity 
with the Br x-ray activity. An attempt to esti- 
mate the yield has been made here by comparison 
with the number of beta-rays counted from the 
18-min. Br®® in equilibrium with the 4.5-hr. 
RaD was used to calibrate the counter for these 
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gamma-rays because it is known" to emit about 
3.5 quanta of 47-kev energy and about 22 to 30 
quanta of L radiation (16 kev) for each 100 dis- 
integrations. The beta-radiation from the RaE 
in equilibrium with the RaD was used to deter- 
mine the total number of RaD disintegrations. 
Using paraffin as before to cut out the beta- 
rays, and aluminum absorption to distinguish the 
electromagnetic radiations, we found the ratio of 
beta-counts to x-ray counts was 2760 and that of 
x-ray to gamma-ray counts was 2.0. If the 
gamma- and x-ray counts are corrected for 
absorption of the rays in the paraffin and the 
beta-rays for the fraction (approx. 25 percent) 
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Fic. 2. Absorption by aluminum of 4.5-hr.+equilibrium 
18-min. gamma-radiation. The count without paraffin 
was 1.6X 105 sixteens per min. All measurements corrected 
for decay and 34-hr. activity present. 


which would not penetrate the counter walls 
the efficiency of counting the x-rays becomes 0.4 
percent and for the gamma-rays 0.6 percent. 
The fraction of Br®® beta-rays absorbed by the 
counter wall would probably be much less than 
for the RaE because their upper limit of energy is 
twice as high and the relative distribution should 
also be shifted toward the higher energies. 


‘6 The data on this are reviewed by D. D. Lee and W. F. 
Libby, Phys. Rev. 55, 252 (1939). 
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From the data in Fig. 2 the number of counts 
per minute of the soft component was 3100 while 
the beta-radiation amounted to 2.6X10°* counts 
per minute (determined after decaying about five 
half-lives). If the counting efficiency of the 
gamma-rays is 0.5 percent this gives about 37 
percent as the yield of soft gamma-radiation 
from the 4.5-hr. transitions, after correcting for 
absorption in the paraffin. The determination is 
obviously rough. The “‘yield’”’ obtained by Grin- 
berg and Roussinow was apparently about 67 
percent. 


IV. DiscussIon 


Grinberg and Roussinow"™ suggest that all of 
the 4.5-hr. Br®® decays through a completely con- 
verted 49-kev gamma-ray to an intermediate 
level. From this it goes to the 18-min. ground 
state of Br®® by emission of a 37-kev gamma-ray 
which is 3 converted. Unless something like case 
(3) discussed at the end of Section II occurs, this 
scheme would predict the possibility of obtaining 
complete chemical extractions and would there- 
fore be contrary to the evidence presented in 
Section IT. 

Several ways are still open for correlating the 
chemical and the physical data without invoking 
case (3). One is that the scheme of Grinberg and 
Roussinow holds for about 85 percent of the 4.5- 
hr. bromine and that the remainder gives beta- 
rays directly. If these beta-rays are not accom- 
panied by a hard gamma-ray as are the 18-min. 
beta-rays, this idea finds some support in the 
observation that the beta-ray count from the 
sample analyzed in Fig. 2 seems to be too high 
to correspond to the number of hard gamma-rays 
found there. (It would be possible for example, 
that the 18-min. gamma-rays follow an undis- 
covered soft group of beta-rays so those beta- 
rays belonging to the 2-Mev group are not fol- 
lowed by gamma-rays. The proposed 4.5-hr. beta- 
rays would all be of the latter type.) 

A second possibility would assure essentially 
the same scheme as Grinberg and Roussinow, but 
would suggest that the 49-kev transition is only 
about 85 percent converted. The small amount of 
unconverted 49-kev gamma-rays could possibly 
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have escaped detection because of the preponder. 
ance of 37-kev radiation. 

A third suggestion is that the total Separation 
between the 4.5-hr. and the 18-min. levels of Br’ 
is 49 kev. It might then be that the one step 
transition is totally converted, but that the 
change to a level 37 kev below the 4.5-hr. (in. 
volving smaller spin change, although, also 
smaller energy) is more than 15 percent uncon. 
verted. This scheme avoids the necessity of 
explaining why no transitions corresponding to 
an 86-kev jump have been found, although 
looked for by Valley and McCreary.* However, 
it also says that the “yield” of 37-kev gamma. 
rays should not be more than about 15 percent 
of the number of 4.5-hr. bromine atoms decaying, 
in contradiction to the yield found by Grinberg 
and Roussinow. 

The present data do not seem to allow further 
distinction between these possibilities. 

Calculations of the percentages of 18-min. bro. 
mine extracted have so far depended on the 
assumption that any radiations directly from the 
4.5-hr. bromine do not affect the detector. The 
effect of the 4.5-hr. gamma-rays found here js 
still too small compared to the beta-ray effects 
to introduce appreciable error into this as- 
sumption. 

It is interesting to note that the absorption 
data obtained on the 18-min. and 34-hr. gamma- 
rays, although not carried to great enough thick- 
nesses to give much accuracy, do tend to set 
lower limits of 0.6 and 0.8 Mev for the energies of 
the two, respectively. These conclusions differ 
from some of the previous work*'® but confirm 
the value of 1.39+0.09 Mev given by Blanc" for 
the energy of the 34-hr. gamma-ray. Blanc used 
coincidence counters to measure the absorption 
in aluminum of photoelectrons ejected by the 
gamma-ray. 

The authors are much indebted to the staff of 
the Radiation Laboratory for the irradiations of 
many of the bromine samples on the cyclotron, 
and to numerous colleagues for suggestions and 
criticisms. 

16 B. Kourtchatow, I. Kourtchatow, L. Myssowsky, and 


L. Roussinow, Comptes rendus 200, 1201 (1935). 
17. A. Blanc, Thesis, University of California (1937). 





oc 





referen 





tron, 


y, and 
7). 






ocTOBER 15, 1940 PHYSICAL REVIEW VOLUME 58 


A Search for Resonance Scattered Protons from B'! and F’® 







W. R. Kanne,* R. F. TAscHEK AND G. L. RAGAN 
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(Received July 26, 1940) 












Preliminary work in search of the resonance scattering of protons from B"™ and F", at the 
lowest energy resonance in each case, is reported. Such scattering was not observed, but 
upper limits for it are established and a sensitive method for observing small deviations from 
Rutherford scattering is described. The proton energy producing the resonance in boron has 
been determined to be 163+6 kev. 













INTRODUCTION ford angular distribution for protons of the 
resonance energy. The scattered protons were 
detected by ionization chambers (Fig. 2) at 45° 
and 105° with respect to the proton beam, or 
48.7° and 110° in the center of mass system. 
Their apertures were chosen roughly in inverse 
ratio to the Rutherford scattering at these 
angles. By joining their collecting plates elec- 
trically and collecting charges of opposite sign 
on the two chambers, it was possible to detect 
small differences in their ionization currents. 
A deviation from Rutherford scattering should 
produce a change in this difference at the reso- 
nance energy. Because of fluctuations which are 
perhaps attributable to slight variations in either 
beam direction or beam spreading, it was neces- 
sary to use chambers symmetrical on opposite 
sides of the beam. Then two identical chambers 
at 45° collected current of opposite sign to that 
collected by two identical chambers at 105°. 





HE nature of the intermediate excited state 

of C® produced by the resonance capture 
of 163-kev protons by B" is of great interest, and 
available information about it does not lead to 
unique conclusions." An attempt was made to 
observe the resonance scattering of these protons 
in order to lead to a determination of the angular 
momentum of those effective in producing the 
excited state. The experiments are still in a 
preliminary state, but since our work has tem- 
porarily shifted to another problem, it is con- 
sidered advisable to make a brief report of them 
at this time. 

The energy of the protons producing the 
resonance in boron was determined independ- 
ently of the scattering experiments by an excita- 
tion curve of the gamma-rays from a thick target. 
Figure 1 shows the curve obtained with coinci- 
dence Geiger-Mueller counters and gives the 
value of 163+6 kev for the proton energy.’ 
Results obtained with a single counter are in 
agreement with this value. 


























EXPERIMENT 











The existence of resonance scattering should 
manifest itself by a deviation from the Ruther- 












* Now at Illinois Institute of Technology. 
1J. O. Oppenheimer and R. S. Serber, Phys. Rev. 53, 
636 (1938) ; Haxby, Allen and Williams, Phys. Rev. 55, 140 
(1939); and E. L. Hill and R. O. Haxby, Phys. Rev. 55, 
147 (1939). Further references are given in these papers. 

? Other values for this resonance voltage are 180 kv by 
Williams, Wells, Tate and Hill, Phys. Rev. 51, 434 (1937); 
160 kv by Allen, Haxby and Williams, Phys. Rev. 53, 325 
(1938); 180 kv by W. Bothe and W. Gentner, Zeits. f. 
fw 104, 685 (1937); 165+4 kv by Waldman, Waddel, 
Callihan and Schneider, Phys. Rev. 54, 1017 (1938); and Fic. 1. Coincidence counter excitation curve of gamma- 
172+5 kv by R. B. Bowersox, Phys. Rev. 55, 323 (1939). rays from protons on a thick boron target. Current 
The voltmeter used in the present work is described in measured is total beam current, of which about one-fourth 
reference 4. is proton current. 
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The resultant current charged an Edelmann 
electrometer, whose sensitivity was determined 
periodically by observing the effect of the ioniza- 
tion from a sample of uranium oxide. The slits 
of the ionization chambers were covered with 
foils of aluminum leaf, but each chamber had a 
gas connection to the scattering chamber. These 
foils were necessary in order to observe the 
Rutherford angular distribution for protons scat- 
tered from air and may have served to stop 
recoil atoms. 





Fic. 2. Details of ionization chamber (A), showing 
connection to scattering chamber (B) and shielded elec- 
trical connections to electrometer. Removable sector in lid 
of shielding box (C) permits connection of electrometer to 
any desired ionization chambers. 


The scattering chamber was connected to the 
accelerating tube by a differential pumping 
system built along lines suggested to us by 
Professor A. Ellett,? details of which are given in 
Fig. 3. The “‘fine’’ and ‘‘coarse’’ pumps are 4” 
brass pumps of the type described by Sloan, 
Thornton and Jenkins.‘ The fine pump exhausts 
into the coarse pump, which is heated by 900 
watts and is exhausted by a two-stage mercury 
diffusion pump backed by a Cenco Megavac. 
With this system it is possible to maintain 3-mm 
Hg pressure of hydrogen gas in the scattering 
chamber with an increase in pressure of 7.5 10-5 
mm Hg in the accelerating tube. For completely 
satisfactory operation of the accelerating tube, 
2 mm Hg is the maximum pressure. 


?R. D. Huntoon, A. Ellett, D. S. Bayley and J. A. Van 
Allen, Phys. Rev. 58, 97 (1940). 

Sloan, Thornton and Jenkins, Rev. Sci. Inst. 6, 80 
(1935). Tests showed that the large pump designed by 
R. M. Zabel (Rev. Sci. Inst. 6, 54 (1935)) is equally as 
effective as the pump used here. However, such a pump 
has exploded due to water getting on the glass boiler while 
operating at 900 watts. 


KANNE, TASCHEK AND RAGAN 





Both the scattering chamber and the 4” iron 
cylinder are mounted on adjustment screws jg 
an angle iron frame so that they can each inde. 
pendently be put into any desired position, both 
as to orientation and displacement, within the 
limits of the screws and the sylphon belloys 
The large cylinder from which the gas is Pumped 
was chosen of iron to reduce the effect on the 
proton beam of the stray field of the magnetic 
analyzer. The tapered section design of the 
collimating capillary was used to remove the 
possibility that protons scattered by the capil. 
lary, and consequently having reduced energy 
and altered direction, might proceed with the 
proton beam to the scattering gas. Each section 
is 3” long and the hole is 2 mm diameter at jt, 
edge toward the accelerating tube and has a 
2° taper. 

Relative beam currents were measured by a 
monitor ionization chamber between whog 
plates the proton beam passed. Calibrations were 
obtained by comparing these monitor currents, 
measured by a galvanometer, with the scattering 
into a single ionization chamber at 45° at cop. 
stant proton energy. The scattering was takep 
to be proportional to the beam current. Because 
of the low gas pressure, the voltage that could be 
used on the monitor chamber was not sufficient 
to produce saturated collection of the intense 
beam ionization, but the ‘“‘calibration curves" 
were satisfactorily reproducible. 

The high voltage was supplied by a trans. 
former-rectifier set,5 having a ripple of 1.4 per. 
cent amplitude. 































BORON 


Methyl borate, B(OCHs)s, was used at 0.8 mm 
Hg pressure as the scattering gas, even though 
only 7.7 percent of the total scattering is from 
boron. Despite the sensitivity of the detecting 
method, no change in the scattering at 105° asa 
function of voltage that was attributable to 
resonance scattering was observed. In this work 
each 45° chamber collected about 1.3 times a 
much ionization as each 105° chamber.® The 












5’ Haworth, King, Zahn and Heydenburg, Rev. S 
Inst. 8, 486 (1937). 

* This excess may be attributable to loss of electrons t 
the walls of the 105° chamber, which collected negatit 
charges, and to a larger amount of multiple scattering into 
the chamber at 45°. 
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fluctuations in individual points, taken in 1- to scattering from methyl borate, it is possible to 
9-kv steps between 150 and 183 kv, were less say that the resonance scattering from boron at 
than 10 percent from a straight line for any one 105° is less than 40 percent of the Rutherford 
run. Our maximum fluctuations were then 10 scattering at that angle. This assumes that the 
rcent of 30 percent, or 3 percent of the reading resonance scattering makes a negligible contri- 
given by the total ionization at 105°. Since the bution to the total scattering at 45°. We are 
scattering from boron is 7.7 percent of the total hoping to repeat these experiments with im- 
proved technique and BH, as the scattering gas. 


FLUORINE 


= poe Similar experiments were performed with 
Tonnes _BEAM Z fluorine, in which case BF; gas is available, but 
the resonance voltage as given by Bernet, Herb 
and Parkinson’ at 334 kv closely approaches our 
maximum voltage. Because the electrometer 
} picked up long time drifts from sparks, it was 
a= not possible to get a great deal of data. The 
resonance region from 325 kv to 340 kv was 
covered in about 2-kv steps, and numerous 
points at lower voltages were taken without 
observing resonance scattering. Under the condi- 
tions of this part of the experiment, the normal 
drift rate was less than one division per minute. 
If resonance scattering from fluorine at 105° 
were 15 percent as intense as Rutherford scatter- 
ing from it at that angle, it would have con- 
tributed an electrometer drift of one division per 
minute. This may be considered an upper limit 
for the resonance scattering from fluorine at 
334 kv. 

The writers wish to express their gratitude to 
Professor Breit for suggesting the problem and 
for helpful discussions. They are also grateful to 
the Wisconsin Alumni Research Foundation for 
financial support, and wish to thank Mr. C. M. 
Hudson for the use of the counting circuit used 
in the gamma-ray work. 




















Fic. 3. Differential pumping system and scattering 
chamber. The enlarged view of collimating capillary in 
inset is double scale of main drawing. 7 Bernet, Herb and Parkinson, Phys. Rev. 54, 398 (1938). 
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The ranges and rates of energy loss of the fission fragments of uranium are calculated on 
the basis of a model in which the charge of the fragment is obtained from its energy and its 
successive ionization potentials. The energy loss cross section for protons of the same velocity 
is then used to calculate the ranges of the two groups of fragments. For (Z;=42, A: =100) 
and (Z:=50, A2=136) these are found to be 2.42 cm and 2.08 cm, respectively, for a total 
assumed kinetic energy of 188 Mev and a final kinetic energy of the lighter fragment of 5 Mev 
(corresponding to ionization-chamber background). These are in fair agreement with the 
observed ranges of 2.2 cm and 1.5 cm. The experimental and theoretical range-energy relations 
are also in fair agreement. The validity of the model is discussed in detail, and it appears 
that it should be fairly good for fragments above 5 Mev. The initial charges of the fission frag- 
ments are found to be 17 and 13, respectively, and these are given as a function of the fragment 
energy in Table I. The density of ionization is found to decrease along the track, in marked 
contrast to the behavior for protons and alpha-particles. 






























INTRODUCTION 


T is the purpose of this note to give a simple 
theoretical description of the slowing down 

of the fission fragments which are produced in 
the bombardment of uranium and certain other 
heavy elements. A typical reaction of this type is 


on! + 92075 = X1(Z, Ai) +X2(Z2, Ao). (1) 


The experimentally observed fragments seem to 
be clustered in two groups, corresponding 
roughly to 2Z,~42, Ai~100, and Z2~50, 
A2~136. The theoretical’ maximum energy 
liberated in the case of symmetrical fission is 
200+10 Mev, but for an unsymmetrical fission 
such as the above, this figure is reduced to 
around 180 Mev. Since some of the energy will 
be used in the internal excitation of the nuclear 
fragments, the available kinetic energy is not far 
different from the recent experimental value of 
159-162 Mev obtained from ionization measure- 
ments by Kanner and Barschall,? or the heat of 
fission of 180+5 Mev observed by Henderson.’ 
The ranges of the fission fragments have been 
measured in air and other substances by a 


* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 
(1939). 

2M. H. Kanner and H. H. Barschall, Phys. Rev. 57, 372 


(1940). 
3M. C. Henderson, Phys. Rev. 58, 200A (1940). 
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number of investigators. Some of the more 
recent results‘ are listed below: 







Joliot,’ aluminum foils, maximum range of 3 cm air 
equivalent. 

McMillen,® thin foils, 2.4 cm air equivalent. 

Corson and Thornton,’ cloud chamber, 3 cm maximym 
range. 

Haxel,* combined use of ionization chamber and ab. 
sorption in aluminum foils, 2 groups, 1.8+0.24 cm and 
1.5+0.2 cm air equivalent. 

Jenschke and Prankl,® ionization chamber, 2 groups, 
2.0 cm and 1.5 cm. Background of 5-6 Mev. 

Booth, Dunning, and Slack,'® ionization chamber, ? 
groups, 2.2+0.1 cm and 1.5 cm. Background of 4 Mey. 












It appears also from the chemical behavior of 
the most penetrating particles, studied by 







4 A survey article by L. A. Turner has appeared in Rey, 
Mod. Phys. 12, 1 (1940). Note added in arent —Aa account 
of experimental work by K. A. Petrzhak, Comptes rendus 
(Doklady) USSR 27, 209 (1940) has just come to my 
attention, with results agreeing with other workers, A 
reference is made to a theoretical paper by A. Migdahl ina 
journal unfortunately not obtainable here. This contains 
an estimate of the initial charge of the fragment 7<Z<16 
A dissertation by E. Lisitzin, Helsingfors (1938), contains 
tables of the successive ionization potentials of all the 
elements which are more accurate than the values given 
by the statistical model. It is planned to use these lateria 
an improved calculation. 

5 F. Joliot, J. de phys. et rad. (7), 10, 159 (1939). 

*E. McMillen, Phys. Rev. 55, 510 (1939). 

7D. R. Corson and R. L. Thornton, Phys. Rev. 55, 50 
(1939). 

8 QO. Haxel, Zeits. f. Physik 112, 681 (1939). 

®W. Jenschke and F. Prankl, Physik. Zeits. 40, 0 
(1939); also Akad. Wiss. Wien (Sitzunber. Abt. Ila) 1% 
237 (1939). 

10 E. T. Booth, J. R. Dunning and F. Slack, Phys. Rev. 
55, 982 (1939). 
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Glasoe and Steigman," that the fragments of the 
lighter mass groups have the longer range. In 
addition, the energy lost by the fragments in 

e through various thicknesses of air and 
aluminum has been measured by Jenschke and 
Prankl,* and by Haxel.* 

In order to show clearly the complicated 
processes involved in the slowing down of the 
fragments, let us trace out the “life history”’ of 
one of them. The capture of a neutron by a 
yranium nucleus provides the necessary activa- 
tion energy, and the fission occurs. The fragment 
considered is accelerated in the Coulomb field 
of the other, and acquires the kinetic energy 
observed. The electrons of the original uranium 
atom are quite seriously disturbed by the fission 
process, and only some of them will be carried 
along by the fragments, so that the latter begin 
their journey with a fairly high charge (which 
will be estimated later). Due to this charge, the 
fragment ionizes and excites atoms which are 
at some distance from its path, and hence loses 
energy. The electrons torn off atoms in this way 
may either become free or be captured by the 
fragment, thus changing its net charge. In 
addition, the fragment will strike atoms more 
nearly head-on, when there will be a very 
complicated rearrangement of the electrons on 
both the struck atom and the fragment. This also 
will contribute to the energy loss, and of course, 
the charge of the fragment may be increased or 
decreased in such an encounter. In some of 
these collisions, there will be nuclear encounters 
which will give rise to the forked recoil tracks 
observed in the cloud chamber. As the fragment 
is slowed down, its average net charge will tend 
to decrease, and eventually it will become 
neutral, when only the close collisions will 
remain to bring it down to thermal velocities. 

The problem outlined above is so complicated 
that a complete theoretical treatment is out of 
the question at present." Nevertheless, to pro- 


935) N. Glasoe and J. Steigman, Phys. Rev. 55, 982 

"G. Beck and P. Havas, Comptes rendus 208, 1643 
(1939) and P. Havas, J. de phys. et rad. (8), 1, 146 (1940) 
have attempted a theoretical treatment assuming an ex- 
ponential decrease of the charge on the fragments. The 
tate of recombination is estimated roughly for both radia- 
tive and nonradiative capture. This must necessarily be 
uncertain. In addition, the processes leading to an increase 
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vide a basis for discussion, it seems worth while 
to calculate the energy loss and range of a 
fragment on the basis of a simple model of the 
mechanism of energy loss. The extent to which 
this can be justified will be discussed later in 
detail. 


MODEL 


It will be assumed that: (a) The energy loss 
of a fragment is due entirely to the effect of its 
charge, considered as a point charge, on the 
surrounding atoms, and that the other sources 
of energy loss mentioned above may be neg- 
lected. (b) For any velocity of the fragment, 
there will be an associated average charge, about 
whose value, the actual charge fluctuates but 
little. (c) The average charge z(v) associated 
with a certain velocity v will be determined by 
energetic considerations; i.e., the fragment will 
be stripped down until the ionization potential 
of the next stage of ionization is greater than the 
kinetic energy of electrons bombarding the 
fragment with a velocity v. This assumption 
means essentially the neglect of the binding of 
the electrons and of any specific effects from 
the nuclei of the stopping material. (d) The rate 
of energy loss is just (z(v))* times as large as that 
for a proton of the same velocity. This assump- 
tion implies the validity of the Born approxi- 
mation for the energy loss. 


METHOD OF CALCULATION 


The successive ionization potentials for the 
elements Z;=42 and Z.=50 required in the use 
of assumption (c) were estimated by the Thomas- 
Fermi method, except that for the first few 
stages of ionization, semi-empirical values were 
used. (The statistical model, as is to be expected, 
gives too low ionization potentials for the first 
few ions, but then joins on smoothly to the 
observed values around z=6.) 

The rate of energy loss for a proton may be 
written in the form predicted by the Born 
approximation™ 


dE/dx =4xNe'B/mv*, (2) 


in the charge of the fragment have been ignored. However, 
the resulting picture of the course of the range agrees 
qualitatively with ours. 

4 M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 9, 
262 (1939). 
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where N is the number of atoms per unit volume, 
m is the electron mass, and v the velocity of 
the proton. The quantity B depends on the 
stopping atoms. In the familiar case of high 
(nonrelativistic) energies, it has the form 


ed 


where the f; are the oscillator strengths for the 
various electronic transitions, and the fw; are 
essentially the corresponding excitation energies. 
For the low velocities with which we are con- 
cerned, not only is B a very complicated function 
of the velocity according to the Born approxi- 


TABLE I. The relations between energy, charge, range for the 
two groups of fragments. The ranges traversed between any 
two energies must be obtained by taking differences of the 
corresponding ranges listed in the table. In addition, values 
of B/a giving the velocity in units of 2.19X 10° cm/sec., and 
the loss of energy in Mev/cm (roughly proportional to the 
tonization density along the track) are given for the lighter 
fragment. The energies in parentheses were obtained semi- 
empirically instead of from the statistical model. As discussed 
in the text, the table has little meaning for energies below 5 Mev. 











LIGHT FRAGMENT HEAVY FRAGMENT 
(Z =42, A =100) (Z =50, A =136) 
CHARGE ENERGY RANGE d(MEv)/ | ENERGY RANGE 
2(v) B/a Mev CM e dx MEV cM 
1 0.74 (1.36) 0.000 0.63 (1.86) 0.000 
2 1.03 (2.66) 1.882 3.05 (3.62) 2.540 
3 1.50 (5.60) 2.824 7.22 (7.62) 3.821 
4 1.71 (7.24) 3.051 11.4 (9.85) 4.127 
5 2.07 (10.68) 3.401 20.4 (14.53) 4.512 
6 2.23 (12.45) 3.527 29.6 (16.93) 4.603 
7 2.55 16.17 3.616 39.9 20.69 4.713 
8 2.81 19.70 3.697 51.1 26.31 4.873 
9 3.08 23.70 3.825 62.0 31.91 4.985 
10 3.53 31.17 3.972 68.5 36.64 5.063 
11 4.03 40.36 4.098 69.2 43.04 5.155 
12 4.41 4840 4.223 71.0 56.55 5.336 
13 4.77 56.70 4.359 73.5 68.98 5.504 
14 5.17 66.18 4.494 76.1 80.60 5.657 
15 5.52 75.80 4.640 79.8 92.69 5.810 
16 5.91 86.95 4.786 82.6 105.6 5.970 
17 6.30 98.45 4.930 86.0 120.2 6.142 
18 6.66 110.4 5.083 89.5 
19 7.06 123.4 5.234 91.9 














mation, but this approximation is itself not 
entirely valid. In the case of air, however, semi- 
empirical values have been given by Bethe and 
Livingston" in the form of a plot of the energy 
loss cross section 


o =4re*B/mv* (4) 
as a function of the proton energy. With these 


values, and hypothesis (c), the range traversed 
by a fragment of initial energy Eo in being 


LAMB, 








JR. 





slowed down to an energy E may be calculated by 
£o dE 
R(Eo, E)= f 
E 


N. sto (3) 
RESULTS 














The results are given in Table I. For gop. 
venience, the ranges are measured arbitrarily 
from the fragment energy corresponding to 
2(v) =1, so that ranges corresponding to arbitr. 
Eo, E may be obtained from the table by taking 
differences. 

For the present, we will consider that the 
ranges observed in ionization chambers corre. 
spond to a final energy of 5 Mev for the lighte, 
fragment, due to the presence of a background 
ionization caused by the natural alpha-particle 
activity of uranium and the nitrogen disintegra. 
tion recoils produced by neutrons in the chamber. 
The heavier fragment will correspondingly be 
given a final energy at which its energy loss, and 
hence ionization, is the same as for the lighter 
fragment. The ranges calculated in this way ar 
2.42 cm and 2.08 cm for the fragments of mass 
100 and 136, respectively, provided an initial 
energy of 108 Mev is assumed for the lighter 
fragment. The heavier particle will then have ap 
energy of 79.5 Mev, since by momentum con. 
servation M,E,=M:2Ez holds during the fission 
process. For slightly lower initial energies, the 
ranges would be less by about 0.0123 and 0.0138 
cm/Mevy, respectively. For final energies below 
5 Mev, however, the ranges increase rapidly, 
reaching values twice as large as the observed 
at 2(v)=1, but as we shall see later, our assump 
tions“ become particularly bad when the charge 
on the fragment is low, and the other sources of 
energy loss play an essential role. A better test 
of the theory is given by the measurements of 
the range-energy relation for the longer range 
group by Jenschke and Prankl.® Their results are 

















4 In addition, the ionization potentials for the tw 
fragments were assumed to be the same for 26. Asa 
result, the excess in range of 0.34 cm which the lighter 
fragment has at 5 Mev is lost at the ‘‘end’”’ of its range. 
Actually, this behavior is misleading since the lighter 
fragment ought to be given higher ionization potential, 
and this would increase its charge. The difference in rang 
ought really to be about 0.4 cm, agreeing well e 
with the experiments. Also the lighter fragment has 
longer range, agreeing with the observations of Glase 
and Steigman, reference 11. 
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compared with theory in Fig. 1 in which the 

energy of a fragment assumed to have 108 Mev 
initially is plotted as a function of the distance 
it has traversed. The experimental point at 108 
Mev is said to be very uncertain. The agreement 
must be regarded as close as could be expected 
from such a crude theory, when one remembers 
how sensitive the energy loss is to a variation in 
the charge of the fragment. 


DISCUSSION OF THE MODEL 


The assumption (d) that the energy loss of a 
fragment is related to that of a proton of the 
same velocity is not entirely valid because the 
charge of the fragment is much greater than 
unity over much of the range. The Born approxi- 
mation which is used to derive Eq. (5) is not 
valid if the field of the passing fragment too 
greatly distorts the atoms of the stopping 
material. In order to discuss this, we employ 
the method of impact parameters" to interpret 
the logarithm in the Born approximation ex- 
pression for the energy loss. One finds 


log mv” /hw=log (b/x), (6) 


where the distance A=h/mv, the de Broglie 
wave-length of an electron of velocity v plays 
the role of a minimum effective impact distance. 
One usually says that its appearance is a quan- 
tum-mechanical effect connected with the im- 
possibility of forming wave packets of smaller 
size than &/mv for which the classical energy 
transfer will occur. The outer impact parameter 
b=0/w is that distance from the track, beyond 
which the field of the passing particle no longer 
contains abundantly frequencies of the order of 
w, and it will be called for that reason the 
adiabatic cut-off. 

It is well known that if the quantity n=ze?/hv 
is much greater than unity, the Born approxi- 
mation is no longer applicable to describe the 
motion of an electron in the Coulomb field of a 
charge z. In our case, n=za/B (where B=v/c, 
and a=1/‘137’’) varies from 2.58 to 1.43 over 
the range of the lighter fragment (down to 5 
Mev). For m>1, the energy loss due to the 


*For a discussion of this method, see E. J. Williams, 
Det. Kgl. Dansk. Vid. Selskab. 13, No. 4 (1935). 
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electrons in a cylinder of radius 6 may be 
computed classically, as Bohr did in 1913. The 
result is 


dE 4nrNz*e* mv2b 
— =——— log | i+ (= i; 


dx mv? 





For high energies, the logarithm reduces to 
log (6/B*), where 


B* = ze? /mv? =nx 


is essentially the classical distance of closest 
approach. One may interpret the appearance of 
this as a minimum impact parameter instead of 
the X of the Born approximation by saying that 
the electrons originally closer to the track than 
B* are swept out by the field of the fragment. 
In this way, less energy is transferred to them 
than would be if the charge of the fragment were 

















2 4 
Range 


Fic. 1. The experimental points on the energy-range 
relation obtained by Jenschke and Prankl are compared 
with the theoretical curve. 


not too high for the Born approximation to be 
fully applicable. 

In analogy with the Born approximation 
result, and Bohr’s classical treatment for a 
medium of harmonic oscillators, one would 
generalize Eq. (7) for the case of an atom by 
putting b;=v/w,; and 


dE _ 4a Nate! mv® \ 274 
soe 1+(=—) |) 
~ mv 2e*w; 
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Calculations'® of the ranges of the two groups 
have been made with this equation for aluminum, 
air, and hydrogen, with rough but plausible 
values for the f; and w;. The results for air are 
naturally somewhat larger than those given by 
the Born approximation, about 15 percent, but 
the general situation is essentially as above. 
The ranges in hydrogen are roughly 4.8 times 
larger than in air, and 6.7 times larger than in 
aluminum (for equal numbers of atoms per 
unit volume). These figures, however, are not far 
different from the currently used conversion 
factors! for alpha-particles. 

The derivation of Eq. (8), however, leaves out 
a process which may sometimes occur beyond 
the adiabatic cut-off, namely a kind of cold 
emission. The strong field of the rather slowly 
passing fragment will result in a lowering of the 
potential in which the atomic electrons move. 
For the case of hydrogen atoms, the electron 
moves in a potential 


V(x) = —e/|x| —ze/|x—r|, (9) 


when the fragment is at a distance r from the 
atom. This surface has a saddle point through, 
or over, which the electron may move from one 
atom to the other. This is at a distance x, 
=r/(1+4/z) from the hydrogen atom, and here 
—eV(x,) has the value e?(1+4/z)?/r. An electron 
with a binding energy of this order will be able 
to leave its own atom, temporarily at least, and 
be found on the fragment. If the collision were 
extremely slow, the electron would always have 
to find its way back to the hydrogen atom before 
complete separation occurred, as complete reso- 
nance is extremely unlikely. With the actual 
velocities, nonadiabatic transitions may occur, 
and the electron may be excited, ionized, or left 
on the fragment. Assuming an ionization po- 
tential of the order of 4a’mc* (13.5 ev) and 
allowing for the first-order depression of the 
energy level by an amount ze?/r, one finds that 
this wandering of the electron is possible for 
atoms within a distance of the order of (2+4+/z)ao 
from the track. This distance is related to the 


% For n~1, as in our case, the interpolation formula 
given by F. Bloch, Ann. d. Physik 16, 285 (1933) should 
really be used. However, not much error is made by using 


Eq. (8). 
17 Reference 13, p. 271. 
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adiabatic cut-off b=v/w=2(8/a)ao by a factor of 
the order a(1+2,/z)/8 which has a valye of 
1.40 at the beginning of the range and 2.74 at 
5 Mev. Thus some energy loss from procesges 
beyond the adiabatic cut-off is being left out of 
account. One might attempt to include this (and 
thus obtain an upper limit for the energy loss) 
by increasing the outer impact parameter from 
b to x,, but the other defects in the theory would 
make this a spurious refinement. One may h 
however, that since the effect of the large charge 
z(v) is to increase both the inner and Outer 
effective impact parameters beyond the valug 
assumed in the Born approximation in about the 
same ratio that the assumption (d) is bette 
than one would expect at first. 

The hypothesis (c) would be essentially yalig 
if the fragment were being slowed down in g 
rarified gas of free electrons. One could thep 
consider that the electrons were bombarding the 
fragment with a kinetic energy }3mv*. The time 
between impacts would be great enough so that 
the ion would always have time to return to its 
lowest state before the next collision. Unde 
these circumstances one could be certain that 
the fragment would not be stripped further than 
to the extent implied by assumption (c). If jt 
were so initially, capture of electrons by inverse 
Auger processes (or radiative capture) would 
make up the deficiency. Sometimes, of course, 
an additional electron would be captured, re 
sulting in a charge 2(v)—1. The next collision, 
however, would be far more likely to remove an 
electron than to lead to a further captur 
process, especially so since the cross section for 
ionization is very large just above the threshold. 
Thus the charge would fluctuate for the most 
part between 2(v) and 2(v) —1. 

However, there is not really a free electron 
gas bombarding the fragment. In the first place, 
there are also the nuclei of the atoms which ar 
actually present. These have a much higher 
energy than the electrons because of their greater 
mass. On energetic grounds alone, they could 
strip the fragment to a much greater extent than 
2(v). It is well known, however, that the transfer 
of more energy by a heavy particle than’ 
possible by an electron is very improbable 
Thus the charge may now fluctuate both below 
and above 2z(v), but probably by not much 



















































URANIUM FISSION FRAGMENTS 


A further complication, both for assumptions 
(c) and (b), is that due to the atomic structure 
of the stopping medium, the bombarding par- 
ticles do not come past the fragment separately, 
but in clusters of electrons and nuclei. Because 
of the cooperation of several of these particles, it 
may be possible to transfer more energy or 
charge to the fragment than would otherwise be 

ible. After a particularly violent head-on 
impact, the fragment may be left with practically 
any degree of ionization, and we must assume 
that these impacts are not too frequent, and 
that there are many more less violent impacts 
which will quickly restore, in accordance with 
hypothesis (c), the havoc wrought. The looseness 
of the electronic structure expressed by the 
approximate validity of the Hartree model for 
atoms, and the many essentially free electrons 
brought in from atoms off the track by the large 
charge on the fragment will help to make these 
two assumptions justified. 

Unfortunately, the energy loss depends on the 
average of 2, not on its average value squared, 
so that even fluctuations symmetrical about the 
average value can affect the range and energy 
loss. Still, the agreement obtained in Fig. 1 
indicates that the true effective charge is not too 
far different from 2(v). 

With hypothesis (a), one assumes that the 
close collisions contribute a rate of energy loss 
which is small compared to that due to the 
charge z(v). We shall now find that this does not 
remain true below 5-10 Mev. For a close collision 
at very low (thermal) energies, one could use the 
molecular potential curve to describe the motion 
of the two atoms. The steep rise in potential at 
distances of the order of 10-* cm would give a 
scattering cross section S~10-'* cm?, and an 
energy loss (assuming rigid spheres, and a 
stopping gas much lighter than the fragment) 


dE/dx = NSM,v*. (10) 


This gives a fractional energy loss per cm of 
2NS(M./M;)~3X10* (the subscripts refer to 
atom and fragment), and if Eq. (10) could be 
used for the whole path down to thermal 
velocities, a range of less than a millimeter would 


_ These fluctuations might visibly affect the density of 
ionization in cloud-chamber pictures of the tracks of the 
fragments. 
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result. The adiabatic potential curve used above, 
of course, does not rise indefinitely at 10-* cm, 
since it must become just the nuclear Coulomb 
repulsion at very small distances of approach. 
Furthermore, it would lose meaning for frag- 
ments of any appreciable energy due to the 
closeness of many such curves belonging to 
different electronic configurations and the occur- 
rence of nonadiabatic transitions between them. 
In this region, however, one would no longer 
treat the atoms as rigid, but could separate the 
energy lost into that due to the excitation of 
electrons, and that due to the recoil of the nuclei. 
A plausible upper limit for the first source of 
energy loss can be obtained from geometrical 
considerations. An electron passing through the 
fragment can lead to an energy transfer of at 
most about }mv*, a heavy particle might give 
2mv*. With an effective radius of action r~2 
X10-* cm, the energy loss per cm would be 
(11/2)xNr’mv* for the case of nitrogen, which 
has a value of about 5 Mev/cm at the beginning 
of the range (108 Mev), and proportionately 
lower for smaller energies. Thus even a high! 
estimate for the energy loss due to the close 
impacts gives a small (although not really 
negligible) contribution compared to the effect 
of the charge as given by assumption (d). 
(Cf. Table I.) 

Finally we consider the nuclear recoil energy 
loss. The potential energy for small distances of 
approach will be of the form 


V(r) =(Z,Z,e?/r) — Vo, (11) 


where Vo represents the gain in binding energy 
of the electrons when a united atom in its ground 
state is formed. The statistical model gives for 
Vo a value 


Vo 20.8[(Z.+Z,)78 —Z,7"*—Z,"*] volts, 


or about 50,000 volts for air. The energy trans- 
ferred to the air nuclei due to V(r) is approxi- 
mately given by an equation of type (7) with 


That r=2X10-* cm is not too small an effective 
radius for the transfer of an energy (11/2) mv to the 
fragment by a nitrogen atom may be confirmed by using 
the usual energy loss formulas to estimate the energy lost 
by an electron in passing through the fission fragment. 
One obtains essentially the numerical result given by the 
argument in the text. I am indebted to Professor R. Serber 
for this remark. 
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the upper impact parameter 6 defined through 
















In air, this varies from ~0.3 percent to ~50 
percent of the energy loss due to assumption (d) 
over the range of Fig. 1. Thus we see that 
below 5 Mev, it is necessary to take into account 
the recoil energy loss. An estimate of the range 
remaining at this energy gives 0.5 cm, but 
this may be far too large. Perhaps one should 
include the energy loss of Eq. (12) for E>Vo 
and that of Eq. (10) for E< Vo in using Eq. (5), 
but at present this would not be a justified 
refinement of the theory despite the improved 
agreement it would give both to the range and 
the range-energy relation. 

























EsTIMATE OF INITIAL CHARGE 






How many electrons of the original uranium 
atom are carried along by each fragment at the 
start of its journey? It is obvious that in the 
limit of zero velocity of separation, both frag- 
ments would have their full complement of 
electrons, and that for very high velocities, none 
of the electrons would be carried along. In the 
intermediate case with which we are concerned, 
one would have to try to solve the wave equation 
for a uranium atom in which separation of the 
nucleus into the two fragments with a relative 
velocity 2v begins at a certain time t=0. This 
equation is too difficult to solve except in the 
above limiting cases, and we must therefore be 
content with a rough estimate of the residual 
charges on the fragments. A much simpler 





















V(b) ~0, 
dE 4nrNZ,°Z;*e* M.v*b \ *}3 
—_—= log |1+( ) |. (12) 
dx Mw’? ZZ se" 
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problem which will guide us is that of a hydrogen 
atom in which the proton is suddenly given the 
velocity v. In this case the solution is easily 
given, and one finds that if v is equal to the 
average speed of the electron in its orbit =a¢, 
the probability of ionization is 25 percent. Fo, 
higher velocities, the probability rises rapidly, 
This suggests that in the more complicated cage 
of uranium, we should consider that an electron 
is able to remain bound to one or the other 
fragment if and only if its average velocity jp 
the uranium atom is greater than the velocity » 


‘of one of the fragments.?° The average speed of 


an electron in a certain shell is of the order 
aZ*c/n* where n* is the principal quantum 
number of the shell and Z* is the effective 
nuclear charge for the electron. According to 
this criterion, the electrons of the K, L, M shells 
and all but the last four of the N shell will find 
their way to an orbit on one of the fragments, 
This would give an initial charge of 18 for a 
fragment (ignoring the difference of the two 
groups), and this is of the order of the initial 
charge required after equilibrium (according to 
hypothesis (c)) is established.*' However, the 
above estimate is too rough to have much real 
significance. 

It is a pleasure to express my appreciation to 
Professors E. Fermi, J. R. Oppenheimer, and 
E. P. Wigner for their helpful discussions and 
encouragement. 


20 Havas (reference 9) uses a different criterion according 
to which the electron remains bound if, and only if, it has 
a velocity >2xv. This leads of course to a higher initial 
charge. 

* Dr. M. Phillips has pointed out that our criterion is, 
in principle, identical with hypothesis (c), so that it is not 
surprising that the two initial charges agree approximately. 
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Measurements on resolved Zeeman patterns of 450 lines of normal ruthenium are reported. 
Five exposures to each polarized component of the light from a 4-ampere arc, operated in 
magnetic fields of intensity between 71,000 and 92,200 gauss, resulted in 85 plates which 
were measured on an automatic comparator. J and g values have been determined from the 
various patterns. When data from the various lines arising from a given term are averaged, 
g values for 140 terms are obtained which appear to be correct to within +0.003 unit. The 
results obtained have been used to further the classification of Ru I, and to aid in the assign- 
ment of L and S values to highly perturbed terms. Though g values frequently depart strongly 
from values calculated for LS coupling, it is usually possible to assign meaningful ZL and S 
designations. Asymmetrical patterns in lines arising from the terms yD,° and y»D,° are 


discussed. 





HE spectrum of the normal ruthenium atom 

(RuI), has been partially analyzed by 
Sommer,! who classified about 1000 lines as 
combinations of 113 terms, of which he deter- 
mined g values for 63. Meggers and Laporte? 
had previously arranged a number of Ru 
underwater-spark absorption lines in multiplets, 
and Paulson* had listed constant differences in 
the spectrum. Between the appearance of 
Sommer’s two papers, Meggers and Laporte‘ 
classified a number of lines into 18 multiplets 
involving 20 terms, and published Zeeman 
separations for 9 lines (unresolved triplets). 

The M.I.T. Wavelength Tables® list 2824 strong 
ruthenium lines, while more than 8000 lines have 
been assigned definitely, and several thousand 
more tentatively, to the ruthenium spectrum in 
the card catalog compiled by the M.I.T.-W.P.A. 
wave-length project. McFee® has extended 
Sommer’s classification of Ru I, and the wave- 
length data are in excellent condition for a 
further extension of the classification, which is 
now in progress.’ Improved Zeeman determina- 
tions were found to be greatly needed to aid in 
the assignment of term designations, however. 


1L. A. Sommer, Zeits. f. Physik 37, 1 (1926); Naturwiss. 
13, 840 (1925). 
as} F. Meggers and Otto Laporte, Science 61, 635 

*E. Paulson, Physik. Zeits. 16, 81 (1915). 

*W. F. Meggers and Otto Laporte, J. Wash. Acad. Sci. 
16, 143 (1926). 

‘John Wiley and Sons, New York, 1939. 

*R. H. McFee, unpublished M.Sc. thesis, M.I.T. (1938). 

"J. R. McNally, Jr., M.1.T. thesis in preparation. 


The strongest field intensity previously used to 
study Ru I was 35,000 gauss (Sommer), and the 
availability of fields approaching 100,000 gauss*® 
made possible increased magnetic resolution. 

In the present paper Zeeman data are given 
for 450 classified lines of Ru I, with g values for 
140 terms which appear to have about tenfold 
greater internal consistency than g_ values 
previously published for Ru I. These data are of 
value to further the assignment of L and S values 
to highly-perturbed terms, to test and use the 
Pauli g group sum rule, and to throw further 
light on the perturbations existing in the normal 
ruthenium atom. 


EXPERIMENTAL METHOD 


To produce electrodes which could be burned 
in the horizontal arc,* one part of ruthenium 
metal powder was mixed with five parts of silver 
powder, and compressed at 20,000 Ib. per square 
inch to form billets of } inch thickness, which 
were then sintered and turned to round rods. 
Light from the arc, taken transversely to the 


TABLE I. Characteristics of grating spectrographs used. 








No. oF 
PLATES 


DISsPER- 
SION 


ORDER 
USED 


RANGE OF 
SPECTRUM 


3190-4400A 1 
2200-3045 2 
2085-4400 1 
1 
2 


LINES 
PER IN. 


30,000 


30,000 
15,000 


GRAT- 
ING 


F 


G 
H 





3335-11,400 
4103-5700 








* G. R. Harrison and F. Bitter, Phys. Rev. 57, 15 (1940), 
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TABLE II. Some typical Zeeman patterns in the arc 


spectrum of ruthenium. 










































x I CLass. ZEEMAN PATTERN 
5636.235 100 a5D; — 2§D° (0, 0.064, 0.124, —) 
1.425, 1. 438, 1. 552, 1.616, ;, 1.677. 
4547.853 20 b8P; — x5F;° (0, 0. 374) 0.691, 1.063, — 
4517.818 60 a5Dz — 25S2° 33 1.596) 0.432, 1.233, _, 
2.831. 
4460.035 150 a5P; — 25S2° 1.625, oh" 0. 816) 0.807, 1.214, 
1. 
4449 .336 125 a5D; — y5F;3° a 0.430, 0.645) 0.769, 0.987, 
1.204, 1.420, 1.633, 1.852. 
4390.435 150R a5D; — 2°G,° (0, 0.303, 0.605, 0.907) 0.206, 
0.508, 0.811, 1.115, 1.418, 1.720, 
4385.648 125 a5D: — 25G;° @ 0. 5 oe 722) 0.144, 0.505, 
4361.211 40 a*F, — y5F;° oo 0.194, 0.387, 0.578, 0.773) 
—, —, 1.091, 1.280, 1.473, 1.665, 
1.858, 2.052, 2.243. 
4217.268 100 a*Fy — 2?P,° (0.374, 0.749, 1.122, 1.496) 0.841, 
mg + ae 1.963, 2.335, 2.716, 
4206.016 100 a3Fz — 2°G;° (0.327, 0.653, 0.980) 0.208, 0.541, 
0.868, 1.195, 1.521, 1.847. 
4127.868 25 b3P; — x5D,° (0.129) 1.439, 1.568. 
4085.429 40 a5P; — y'D,° (0.458) 1.522, 1.978. 
4076.733 60 a5D; — 2*D,° (0, 0.715) 0.520, 1.233, 1.943. 
4062.988 12 b3P, — 411° (0.129) 1.440, 1.563. 
3984.858 60 a'F; — z*D,° (0, 0.174, 0. 348) 0. 850, 1.023, 
1.196, 1.369, 1.541. 
3964.896 50 a5F; — 27D;° (0.198, 0.393, 0.588, 0.785, 0.982) 
0.611, 0.808, 1.002, 1.201, 1.396, 
1.592, 1.787, 1.985, 2.180, 2.374. 
3942.063 12 a5F, — 25D, (0, 1.319) 0, 1.326, 2.641. 
3931.759 50 a5P; — 25P;° (0.398) 1.975, 2.385. 
3925.925 60 a5F; — 27D (0, 0.228, 0.457, 0.685, 0.913) 
0.485, 0.712, 0.939, 1.168, 1.395, 
1.622, 1.849, 2.075, 2.304. 
3920.915 20 aD; — s5P;° (0.231, 0.457, 0.687) 0.961, 1.190, 
1.417, 1.645, 1.874, 2.102. 
3867.839 60 a3F, — 8D; (0, 0.154, 0.307, 0.458) 0.828, 
rity 1.129, 1.282, 1.434, 1.587, 
3846.676 12 a’D; — s5P;° (0, 1.1 +1 sy ty 1.233, 2.380. 
3843.159 10 a5F, — 2§D,° (0. - > 
3831.795 60 a5G; — b40;° 0.148, 6288, ° 431, 0. 573, 0.714) 


( 
0.476, 0 616, 0.756, 0.903, 1.048, 
1.188, 1.331, 1.472, 1.615, 1.756. 


























magnetic field, was reflected axially out of the 
10,000-ampere solenoid by an aluminum first- 
surface mirror, and was sent through a 50-mm 
diameter Rochon prism formed of two quartz 
prisms suitably cut, separated by a thin film of 
castor oil. One plane-polarized beam was then 
focused, by means of a 45-mm quartz-fluorite 
achromatic lens of 500 mm focus, on the slit of 
grating G (Table I). Light which did not pass 
through this slit was caught on a small plane 
mirror and returned to a concave mirror which 
sent it. through the slit of grating F. The beam 
of opposite polarization was sent, by means of a 
single aluminized mirror, through the slit of 
grating H. 

Exposures of from 20 to 60 minutes duration 
served to produce satisfactory spectrograms with 
all three gratings; the Rochon prism was then 
inverted, and the spectrum was photographed 
again with all three gratings. A field-free exposure 
was finally taken. In this way 7, ¢, and no-field 
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exposures were obtained on 23 plates, each oy) 
inches long, in three hours of operation of the 
magnet. Eastman type I-O plates were use 
between 4200 and 2500A, with type I plates of 
suitable sensitization for the shorter and longer 
regions. 

The data reported in the various tables were 
obtained from four sets of exposures, as follows. 


Set Number Field 
Z-33a 92,200 gauss 
Z-33b 71,260 
Z-49 88,350 
Z-74, eon F,G; con H 88,040 
Z-74, o on F,G; ron H 89,310 


The field intensities were calculated from the 
two silver lines 3280.683 and 3382.891A, and are 
believed to be correct to within +0.3 percent 
The calcium lines 3933.666, 3968.468, and the 
copper lines 3247.540, 3273.962, were used as 
additional checks on the field intensities. The 
current through the solenoid was held constant 
to within 0.1 percent during an exposure. 

All spectra were measured in both directions 
with an automatic comparator,’ provided with 
a new all-electric maximum-picker,'’ which 
functioned most satisfactorily. Patterns for many 
lines were measured twice at each of three fields, 
and the final g values reduced from these data 
were usually found consistent to within +0.003 


unit. 
RESULTS 


In complex spectra of metals of the type 
under discussion, and especially at the strong 
fields used, the technique of reduction is of 
necessity somewhat different from that used with 
sharp and narrow patterns of the sort obtained 
with gaseous discharges, for example. The pat- 
terns often overlap and show blends, so that 
interpretation may be difficult and some compo 
nents may appear to be shifted in position. 
The usual criterion of precision which demands 
equal separations between components (fo 
symmetrical patterns) is less likely to be fulfilled, 
and the correct g values can best be determined 
by using only the most clearly resolved compo 
nents to obtain the fundamental separation 


*G. R. Harrison, J. Opt. Soc. Am. 25, 169 (1935); Rev. 


Sci. Inst. 9, 15 (1938). 
10G. R. Harrison and J. P. Molnar, J. Opt. Soc. Am 


30, 343 (1940). 





ZEEMAN EFFECTS IN RUTHENIUM SPECTRUM 


TABLE III. Classified lines and g values in the arc spectrum of ruthenium. 








nm 
ne 


T2 £1 82 (A) A(A) 


2D 1.530 1.423 | 4206.016 . 3880.806 

1.623 1.483 | 4198.875 . /! 3876.648 

1.425 1.488 | 4197.579 , ° 3876.082 

1.188 1.274 | 4196.871 ° 3873.525 

1.091 1.428 | 4182.644 ° Z 3871.215 

1.315 1) 4170.051 . 5 3867.839 

1.621 ° 4167.512 A 3865.403 

1.44 . 4166.876 ° 3859.712 

1.628 1. 4161.656 . 3858.686 
4150.299 . 3856.459 
4148.375 ° 3854.727 
4146.771 , A 3852.137 
4145.738 , d 3846.805 
4144.164 ° d 3846.676 
4137.234 ° 3843.159 
4127.868 s ° 3842.661 
4127.440 . F 3840.985 
4123.813 . . 3840.76 
4123.064 . ‘ 3839.695 
4120.987 , ‘ 3838.728 
4113.383 40 ’ ’ 3835.048 
4112.741 ° . 3831.795 
4107.837 . ° 3830.877 
4101.745 ‘ ‘ 3828.714 
4097.791 A ; 3826.105 
4097.026 d 3824.932 
4091.062 ° 3822.091 
4085.429 < os 3819.767 
4085.429 ls e 3819.033 
4082.794 
4080.600 
4079.277 
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TABLE II1.—Continued. 












(A) T1 T2 “gi g2 (A) I Ti 


T2 g1 g2 (A) I Ti T2 a @ 

































3635.516 
3634.929 
3631.711 
3619.202 
3616.951 
3608.727 
3605.641 
3599.764 
3590.886 
3589.215 
3584.198 
3579.768 
3572.015 
3567.155 
3564.562 
3561.894 
3556.626 
3553.848 
3550.269 
3546.982 
3541.631 


3541.046 aGs 51 1.18 1.18 60 a’F4 
3539.369 aF, 2G 1.001 0.378 | 3315.047 50 a’P2 
3535.831 @D;,; 2P 1.796 1.312 | 3310.957 30 a®Fs 
3532.814 aG, f59 0.99 0.99 3304.507 12 BP: 
. : 3303.995 60 b'P2 
3528.683 aF, y5F 1.002 1.204 | 3301.587 70) «Fs 
3520.130 @D, 2Po° 1.791 0/0 3297.955 50 b8F4 
3519.635 @F, FP 1.350 1.364 | 3294.110 60 a5Fs 
3514.488 @F; 2G 1.247 0.941 | 3284.932 30 aD; 
3501.354 BP, c592 1.449 1.027 | 3274.706 60 dF; 
3497.937 aD, xD 1.985 1.573 | 3273.078 60 a'P2 
3495.973 @P; yD 1.628 1.389 | 3268.208 60 bP: 
+ 3494.251 @D2 xD 1.237 1.441 | 3266.445 50 BF: 
3490.716 BBP, 59° 1.441 3256.331 50 a’Di 
3481.297 @P, xD 1.557 1.420 | 3254.708 50 aD2 
3473.746 BF; 452 1.083 0.970 | 3254.542 50 a5F2 
3472.231 aD; DP 1.419 1.389 | 3243.498 70 «a@F4 
3456.620 aD: 64% 1.164 0.938 | 3241.235 60 aD: 
3452.903 a@F; FS 1.24 1.21 3242.165 80 a'Pi 
BF. @502 0.763 0.890 | 3239.605 50 a*P2 


3436.737 300R @F, G2 1.34 1.26 

3435.186 60 aF, FY O 1.028 
3433.260 60 a@P2 P22 1.533 1.301 
3432.741 70 BF, a40 1.254 1.109 
3430.772 70 @F2 2G 0.999 0.869 
3429.542 60 aP2 yPi 1.534 2.314 
3425.964 30 a'D2 662 1.162 1.420 
3420.078 60 a°P: 453° 1.686 0.890 

0 


3419.252 30 a@Fi 2'P2? 2.061 | 3171.239 20 a*Do 
3417.353 1 @F3; 2G 1.244 1.113 | 3168.525 100 bF2 
3416.182 50 Po a53;° 0/0 0.898 | 3159.923 70 «a’Fs3 
3411.636 80 aP2 2P)® 1.571 1.318 | 3158.889 60 b'Fs 


3409.277 100 a'P2 . 
3405.880 50 BP: f59% 1.319 0.995 


3401.739 100 @P; yP2 3125.963 70 a°Fs 





3111.912 50 aD2 542° 1.232 


3048.785 60 a'Fs PY 1.248 193 
3045.710 60 a'F: 59° 1.083 i qe 
3042.475 70 @Fi + FY 0 1.0% 
3040.310 60 aFs oP? 1.347 164g 
3038.176 80 aP2 S53 1.58 1.44 
3034.060 60 a'D2 592" 1.233 1.995 
3033.451 70 aDs S10 1.448 1.49) 
3030.781 30 a*Ps 572” 1.633 1.499 
3020.882 60 a@F: xF® 1.001 175 
3017.236 100 a@Fi xF) 0 0.143 
3013.359 60 a Fs 455% 1.198 1.23 
3012.916 60 aD; “S 

3008.259 50 a'F2 591 1.094 0,965 
3006.590 70 a*F2 2xF2 1.001 1,068 
3001.642 60 aD; 58% 1.420 116) 


BRekohenuHpoeo ule eoupeeanLoe: 


2G 1.340 1.111 | 2994964 80 aFs FP 1.24 435 
xD 1.56 1.56 | 2988.948 250 aFs De 1.39 15 
#PP 1.356 1.906 | 2987.705 30 aD: 659% 1.798 1.998 
66 1.42 1.42 | 2986.335 20 aDz 59” 1.23 1.93 
663° 1.317 1.028 | 2981.935 60 oF: x*Fi° 0.992 0.139 
2G 1.396 1.268 | 2968.954 60 aFs S57” 1.21 1 
45° 1.250 0.959 | 2968482 15 a*P2 a67:° 1.537 1.364 
16 1.40 1.30 | 2959.736 12 a*De SSP 1.444 1.233 
PS 1.40 1.69 | 2958.000 60 Fs S8% 1.191 1.167 
542° 1.087 0.891 | 2954.486 100 aP2 58% 1.558 1.1% 
41° 1.56 1.56 | 2949.500 80 aFe 51° 1.282 1.199 
662° 1.32 1.42 | 2946.991 60 a*Fs 59° 1.201 1.915 
552° 1.090 1.230 | 2943.921 50 aDs 59% 1.422 1.0% 
YP 1.791 2.318 | 2940.358 SO a*Ds S56 1.451 1.285 
YP 1.229 2.312 | 2939.944 30 oP: wD 1.68 14g 
YDS 1.001 1.495 | 2919.608 80 aFi #PY 0 1.308 
¥DP 1.280 1.375 | 2916.255 100 a@Fe FO 1.35 135 
¥P 1.792 1.605 | 2905.650 SO aF2 2P2® 1.003 1.473 
d5%°® 1.684 0/0 | 2887.995 30 aFs FP 1.34 128 
56° 1.541 1.285 | 2886.536 60 a'F2 sPi® 1.001 1.318 
a702 1.167 1.095 | 2883.595 30 aF; xD® 1.253 1.499 
yP2 1.196 1.715 | 2881.276 30 aFi xDo® 0 0/0 
¥P2® 1.626 1.298 | 2874.984 80 @Fs; xF2 1.40 140 
wD 1.515 | 2854.074 60 a Fs #P 1.249 1.49 
yD2 0.998 1.478 | 2843.171 30 aD: 662° 1.793 1.49 
499 1.256 0.886 | 2834.001 30 af; De 1.242 1.315 
¥De 0 0/0 | 2818.952 SO aPs 662° 1.629 1.4% 
a64:° 1.03 1.03 | 2817.093 SO a'F2 xD 0.994 1.565 
51° 1.253 1.196 | 2722.697 40 a'Di: wD» 1.794 1.4% 
DP 1.251 1.498 | 2721.562 60 aD: wD 1.236 1.487 
WD» 0.998 1.515 | 2719.515 100 aDe wD® 146 1.46 
a53:° 0/0 0.886 | 2702.832 80 af; wD 1.197 149 
{59% 0.757 0.994 | 2701.338 60 a'F2 wD 1.087 1.439 
yD 1.250 1.481 | 2664.757 60 aFs PP 1.346 1.625 
52 1.258 1.170 | 2651.841 100 a%Fe wDP 1.284 1473 
53° 1.253 1.142 | 2651.292 60 @Fs; wD 1.21 19 




























gi—ge. To illustrate the degree of uniformity 
found, some typical patterns have been included 
in Table II. Space requirements forbid the 
inclusion of the detailed patterns for all of the 
lines listed in the main table (Table III), but 
the g values obtained for a given term from 
different lines show such good agreement that 
the method of reduction used appears justified. 
Since only classified lines are included in Table 
III, it is possible to compare various independent 
determinations of a given g value. The final 
averaged values for 140 terms are given in 
Table IV. 

In Tables II and III the wave-lengths used 





are taken from the M.J.7. Wavelength Tables, 
while the intensities are those given in the are 
column of the same tables. The term designa- 
tions are those of McNally,’ based on an exten- 
sion of the analysis of Sommer.' In Table I] 
the * components are in parenthesis, while the 
strongest lines of a pattern are in boldface. In 
Table III g; is the g value of the even term 7, 
while ge is that of the odd term 7>. 

In Table IV the same term designations are 
used, while the term values are those derived 
by McFee® from M.I.T. wave-length data. The 
column headed g (Theor.) contains the theo 
retical g values for the term designations used, 
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TaBLeE IV. Term values and theoretical and measured g values in the arc spectrum of ruthenium. 
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TERM 
VALUE 
g 
(THEOR.) 
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Even Terms 





9120.69 
9183.69 
9492.35 
9620.33 
10,623.49 
10,654.52 
11,447.23 
11,752.74 
11,786.17 
12,207.10 
12,816.69 
13,645.73 
13,699.11 
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13,981.80 
14,700.34 
14,827.53 
15,054.01 
15,550.17 
16,190.63 
16,240.02 
16,712.59 
17,046.01 
17,096.83 
20,242.05 
20,933.76 
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Odd Terms 





33,728.67 
34,072.44 
34,091.16 
34,379.78 
34,772.64 
34,881.94 
35,046.74 
35,471.22 
35,806.65 
35,963.89 
36,238.86 
36,542.67 
36,760.40 
36,965.26 
37,119.04 
37,346.86 
37,367.03 
37,473.00 
37,619.54 
37,667.86 
37,802.30 
38,200.61 
38,243.47 
38,297.16 
38,587.25 
38,706.42 
39,008.72 
39,037.22 
39,273.33 
39,433.83 
39,450.67 
39,742.19 
39,773.54 
39,894.61 


25,214.32 
25,464.54 
26,035.63 


$22222222223 


ee Se et eet et et et be tt pt 
ows 
32° 
6 


ae 
> oe 
33's 


30, "537.13 
30,958.89 
31,044.36 
31,186.10 
31,345.86 
31,384.77 
31,852.94 
32,207.68 
32,343.35 
32,392.00 
33,172.07 
33,430.70 
33,446.86 
33,580.19 


SOUNCHK HK IWUPWADOU IN Bt 


B22shes 
SSSxuSSS5=— 


—ww 


Anw 
NAOw 
NMNANDUSBDKUAANUN WELK KEK NENNNWWHNUWw DUH ee 


Coe eee OK ete OO 


£28 





ve tos 
23 
i in 3 
eo So¢ 


r 


2228 


- 
2 
n 


a8 


39,916.71 

40,235.39 
40,276.54 
40,433.18 
40,439.24 
40,768.17 
40,948.78 
41,016.66 
41,182.69 
41,260.11 

41,482.69 
41,577.82 
41,756.21 

41,880.86 
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42,346.79 
42,415.85 
42,534.04 
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42,894.54 
42,998.32 
43,509.17 
43,841.57 
43,903.74 
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while that headed g (Meas.) contains the final 
g values obtained by averaging a number of 
independent determinations, the number of 
which is given in the next column. The final 
column gives the number of spectrum lines (each 
measured several times) whose patterns were 
reduced to give the final average. 

An example of the use of Zeeman effect data 
in determining Z and S values is given by the 
terms 9057.64—a'D, and 9183.69—a'F2. The 
designations of these two terms were originally 
interchanged, but a consideration of the g values 
of each leads to the adopted notation. The 


theoretical LS g value for a*'Dz is 1.500, while 
that for a*F; is 0.667. Mutual perturbation 
between two such terms would be expected to 
bring their g values closer together, and we find, 
in fact, 1.232 and 1.089. If the original term 
designations had been kept the two g values 
would have crossed. Intensity considerations 
make either designation possible for either term, 
and each term does, of course contain much of 
both designations. 

Similar considerations have led to interchange 
of the designations of the terms a°D, and a5P,, 
where a theoretical g value of 1.500 has been 








































Fic. 1. Asymmetrical Zeeman patterns at 88,350 gauss 
produced by magnetic perturbations between terms y®D;° 
and y®D,° of Ru I. To the left, line 3100.839, to the right 
3099.283A. The * components are above and the ¢ com- 
ponents below, while the center strip shows the two lines 
without magnetic resolution. 


The pattern for the two terms taken together is 
seen to remain essentially symmetrical, while the 
various magnetic sub-levels having identical m 
values repel one another. 

A great many partially-resolved patterns 
which are found on the plates can be reduced to 
give further data, but as methods for dealing 
with this material are now being improved, their 
discussion will be postponed. The application of 
the g group Sum Rule to the data, the detailed 
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raised by perturbation to 1.795, while one of 
2.500 has been reduced to 1.985. 


ASYMMETRICAL PATTERNS 


Several dozen patterns are found to be 
asymmetrical to a degree which renders uncertain 
calculation of meaningful g values. Some of these 
occur in lines which originate in the terms y5p 
and y°D;°, which lie only 16.16 cm apart, 
Though these terms have different J values they 
both have the calculated LS g value 1.500, and 
when the asymmetries are averaged the measured 
g values are 1.492 and 1.496, respectively. Two 
lines, which show the asymmetries arising from 
the mutual perturbations between these magnetic 
sub-terms, 3100.839 and 3099.283A, are repro- 
duced in Fig. 1. 

The displacements from the zero position of 
the magnetic sub-levels of these two terms by a 
field of 88,700 gauss were determined by aves. 
aging measurements on six pairs of lines at 
several close-lying fields (Z-49, Z-74). The 
results are as follows, all positions being given 
in cm7!: 


m —4 +3 +2 Fl 0 +1 +2 +3 +4 
yD? —24.54, —18.14, —11.86, —5.65, +0.53, +6.69, +12.70, +18.68, +24.59 

A — 6.40 — 6.28 —6.21 -—6.18 -—6.16 —6.01 — 5.98 —5.91 
y®D;° +18.19, +11.86, +5.59, -—0.59, -—6.72, —12.78, —18.74 

A +6.33 +6.27 +6.18 +6.13 +6.06 +5.96. 


consideration of asymmetrical patterns, and the 
interpretation of the magnetic perturbations 
observed, will be postponed until the spectrum 
is more fully classified. 

We are grateful to the M.1I.T.-W.P.A. Wave- 
length Project for valuable data and assistance, 
and to the Rumford Committee of the American 
Academy of Arts and Sciences for a grant to 
assist in the purchase of pure chemicals. 
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In a discharge through a mixture of nitrogen and antimony vapor a new band system has 


been found with the molecule SbN as carrier. 
formula for the heads 


The vibrational analysis yields the following 


y= 34465 + [830.7 (v’ +4) —6.0(v' + 4)*]—[942.0(0" +3) —5.6(0"+ 4)". 


A comparison is made with other molecules of the fifth group. 


INTRODUCTION 


NTIL 1933, spectroscopic knowledge of dia- 
tomic molecules formed by combination of 
atoms of the fifth group of the periodic table was 
limited to molecules of like atoms. In 1933 Herz- 
berg! and collaborators were able to prove spec- 
troscopically the existence of a mixed molecule of 
this group, namely PN, and further succeeded in 
obtaining the vibrational analysis of the band 
system discovered and the rotational analysis of 
several of its bands. Independently of this work, 
Ghosh and Datta? in 1933 also published an ac- 
count of the spectroscopic detection of PN. This 
work on mixed molecules of the fifth group was 
followed by a publication in 1934 by Spinks’ on 
a band system having AsN as carrier. It seemed 
logical to assume that experimental conditions 
similar to those used by the above experimenters 
should prove favorable for the production of 
the diatomic molecule SbN. In the following an 
account of this work is given.‘ 


EXPERIMENTAL 


The experimental set-up was very similar to 
that used by Herzberg and Spinks. A discharge 
was run through a mixture of nitrogen and 
antimony and later through a mixture of 
hydrogen and antimony. For the excitation of 


* Part of a thesis submitted to the Graduate School of 
Arts and Sciences of Duke University in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 
Present address: E. R. Squibb Biological Laboratories, 
New Brunswick, New Jersey. 

'J. Curry, L. Herzberg and G. Herzberg, Zeits. f. Physik 
86, 348 (1933). 
asso Ghosh and A. C. Datta, Zeits. f. Physik 87, 500 

J. W. T. Spinks, Zeits. f. Physik 88, 511 (1934). 
as oe note was published in Phys. Rev. 53, 
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the discharge a quartz tube, 57 cm in length and 
9 mm internal diameter was used. To confine 
the discharge, an inner tube of six mm diameter 
was inserted into the outer tube. The ends of 
the former were slightly turned inward to prevent 
the molten metal from falling into the electrodes. 
A quartz window sealed on to one end of the 
tube was separated 15 cm from the nearer 
electrode to prevent fogging. The electrodes were 
cylinders of pure aluminum fitted tightly into 
Pyrex tubes sealed to the main discharge tube 
and hanging vertically. These electrodes were 
water cooled. Nitrogen from a tank was stored 
in a two-liter flask and from here was led into 
the discharge tube, the set-up being such that it 
could be admitted either continuously or inter- 
mittently. For the experiments performed with 
hydrogen, the hydrogen was admitted through a 
palladium tube. The antimony was “analytical 
reagent,” granular form (Mallinckrodt). 

The discharge was maintained by a trans- 
former rated at 3 kw and 2200 volts. Secondary 
resistances varying from 300 to 2500 ohms placed 
in oil were inserted into the circuit. 

Photographs were taken both with the Hilger 
E3 and El spectrographs. Eastman spectroscopic 
plates OI, OII and OIII were used. For ob- 
taining spectrograms the following procedure was 
adopted. After taking plates with the discharge 
through nitrogen alone for orientation, the metal 
was placed in the tube and melted while the tube 
was being exhausted. Nitrogen was then ad- 
mitted and the discharge started in nitrogen. 
All these plates showed only the nitrogen bands 
and NO bands. The latter were finally removed 
by frequent heating and pumping of the tube. 
The tube was then heated with an air-oxygen 
flame while the discharge was running. When 








{ 
7 
” 


this was done a bright blue glow appeared. It 
was further noted that if more nitrogen was 
admitted when the tube had a bluish glow, the 
blue was replaced by a yellow color; also that 
the nitrogen was rapidly eaten up and had to be 
replaced during the exposure. This, as well as 
the appearance of a dark gray deposit in the 
tube, is taken as an indication of the formation 
of SbN.® Running the discharge in antimony 
and nitrogen under the conditions indicated 
above, new bands which were attributed to the 
molecule SbN were obtained. As a further check 
of this assignment, exposures were later made 
running the discharge in hydrogen and antimony. 
In order to be free from contamination by SbN 
a new discharge tube was used in these experi- 
ments. No SbN bands were observed as long as 
nitrogen was absent, but they appeared after 
admitting nitrogen. The discharge was then run 
in hydrogen once more with the result that the 
new bands could be noticed on the first few 
plates together with traces of nitrogen bands. 
When the nitrogen was completely eliminated, 
the SbN bands still persisted, although con- 
siderably diminished. This is probably due to 
residues of deposited SbN on the walls. The 
bands were finally removed by continued heating 
and running of the discharge. This final absence 
of SbN bands is not due to the distillation of 
Sb out of the tube as considerable amounts 
remained when all operations were completed. 
The color of the discharge with hydrogen in the 
tube was a brilliant orange yellow when the 
antimony was heated. 

For comparison spectrum the iron lines 
originating from a Pfund arc were used. The 
wave-lengths were computed from Hartmann’s 
formula. 

RESULTS 


Plates taken of a mixture of antimony and 
nitrogen under the favorable experimental con- 


5 There is evidence that antimony nitride has been ob- 
tained chemically in an impure state, J. W. Mellor, Com- 
prehensive Treatise on Inorganic and Theoretical Chemistry 
(Longmans, Green and Co., 1928), VIII, p. 124. 
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ditions described above showed a system oj 
bands degraded to the red in the region 3209- 
2900A. An enlargement of part of a typical 
plate taken with the Hilger E1 is given in Fig, 1, 
It is evident from the plate that only the regions 
which are free from nitrogen bands can be 
examined in the search for new bands, |p 
Table I are listed the bands measured. Colump 
one gives a rough visual estimate of the intensity 
of the bands. Column two and three list the 
wave-lengths and wave numbers. The bands jn 
the wave number region 34,000 to 33,000 em- 
show structure. In some of the bands double 
heads are obvious. This is represented in Table 
I as R and Q, which refer to the rotational 
branches. On the plates the band at 34,409 em 
is the most intense. It also shows fine structure. 
The bands in the 32,000 cm region show 
considerable background of nitrogen fine struc. 
ture. In the 31,000 cm™ region a comparison 
with the plates taken with nitrogen alone 
indicates that the fine structure of nitrogen js in 
some places replaced in the SbN plates by 
narrow diffuse bands. Overlapping and diffuse. 
ness made accurate measurements of the bands 
impossible. The errors vary from 1 to about 6 
cm~'. It also cannot be excluded definitely that 
some of the bands in the 31,000 cm region 
have been erroneously attributed to SDN. 
Besides the bands in Table I additional very 
faint bands have been found. They are best 
developed on a plate taken with the blue glow 
maintained continuously and without admitting 
nitrogen as frequently as in the other exposures. 
These bands are attributed to the molecule Sh;. 
They are listed in Table IT. 


DISCUSSION OF RESULTS 


In attempting to identify the carrier of the 
observed spectrum, there are obviously two 
possibilities, namely the SbN and the Sh 
molecules. It seems plausible to disregard as 
carrier any molecule that might be present as al 
impurity since the only atomic lines present 
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SPECTRUM OF ANTIMONY NITRIDE 


were mercury, iron and antimony. Further since 
the electrodes and glass system were torched and 
pumped for hours as a preliminary preparation 
for the experiment and the antimony was melted 
while pumping, adsorbed gases, particularly 
oxygen, were removed. (The disappearance of 
the oxygen was evidenced by the disappearance 
of the NO bands.) From a comparison of the 
band system reported here and a system of the 
Sb, molecule observed by Naudé® and Nakamura 


TABLE I. Heads of SbN bands. v st=very strong, st= strong, 
m= medium, w=weak, vw =very weak. 








WaAvE-LENGTHS Wave NUMBERS 
- 
INTENSITY (A) (cm™) 





2837.9 
2856.9 


2904.3 
2905.3 


2912.0 
2914.8 


2824.1 


2985.7 
2986.2 


2995.3 
2996.1 


3004.5 
3005.8 


3015.5 


3052.8 
3054.1 


3062.3 
3166.1 


35,227 
34,993 


34,422 R 
34,409 Q 


34,309 R 
34,297 Q 


34,189 


33,485 R 
33,476 Q 


33,378 
33,367 


33,274 
33,259 


33,152 


32,747 
32,733 


32,646 
31,575 
31,513 
31,492 
31,411 
31,331 
31,307 
31,254 
31,167 


3172.4 
3174.4 
3182.7 
3190.8 
3193.2 
3198.7 
3207.6 
3214.7 
3216.4 
3225.0 


31,098 
31,082 
30,999 








*S. M. Naudé, South African J. Sci. 32, 103 (1935). 
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TABLE II. Sb. band heads, wave-lengths and wave-numbers. 








A(A) 


2866.9 
2867.5 
2886.0 
2886.8 
2887.9 
2895.6 


v(cm™) 


34,871 
34,863 
34,640 
34,630 
34,617 
34,525 


(A) 


2900.2 
2914.2 
3005.1 
3048.9 
3058.2 


v(cm™) 


34,470 
34,204 
33,267 
32,789 
32,689 














and Shidei’ in absorption it was found that the 
wave numbers of the two systems show great 
similarity ; nevertheless this similarity is regarded 
as coincidental for the following reasons: (1) the 
failure of these bands to appear with hydrogen 
as carrier gas as already described, (2) the 
similarity concerns only frequencies but not 
intensity and structure of the two systems, 
(3) a comparison of the AsN bands reported by 
Spinks and of As2 reported by Almy and Kinzer® 
shows also a number of similarities in the 
frequencies. In addition to (2) should be men- 
tioned that the (0,0) band of the SbN scheme 
which coincides with Naudé’s (11,0) band is not 
only the most intense band observed on all 
plates but under suitable conditions shows fine 
structure, whereas for such a heavy molecule as 
Sb, the resolution of fine structure can hardly 
be expected with a Hilger E1. 

Although thus the origin of the new bands 
seems established, it is quite likely that weak 
Sb, bands fall on top of some SbN bands thus 
adding to the diffuseness of the appearance. 
The presence of very faint Sbz bands is indicated 
by Table II, they were identified from com- 
parison with Naudé’s and Nakamura’s results. 

Considerations of intensity distribution, along 
with a comparison with the analysis of PN and 
AsN has led to the arrangement of the band 
heads into the quadratic scheme given in Table 
III. A difficulty arose in the decision as to which 
head should be used. It is obviously necessary 
in the case of the (0,0), (0,1) and (1,1) to take 
the second and stronger heads, but in the 33,000 
region, the heads become less marked and in the 
region of lower wave numbers the distinction 
between them vanishes completely. The bands 
can be represented by the following formula 


7G. Nakamura and T. Shidei, Jap. J. Phys. 10, 11 (1935). 
035} M. Almy and G. D. Kinzer, Phys. Rev. 47, 721 
(1935). 
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TABLE III. Deslandres table of SbN band heads. 
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v’ =0 1 2 3 4 5 6 7 8 oo) 10 rT 
0 | 34,409 33,478 m m aan 
(0) (0) 
1 35,227 34,297 33,377 m 31,575 
(+0.7) (0) (+0.3) (—3) 
2 34,189 33,274 m 31,492 
(—5) (+2) (+0.4) 
3 34,993 m 33,152 m 31,411 
(—14) (+21) (+1) 
4 m m 31,331 
(+0.4) 
5 m m 31,254 
(—6) 
6 m 31,167 
(0) 
7 32,747 31,082 
(+8) (+2) 
8 32,646 30,999 
(+3) (+1) 





which has been worked out from the values of the 
strongest and most accurately measured heads: 


v= 34,409+[824.7v’ —6.0v’?] 
— [936.40 — 5.60’). 


In Table III the experimental values are given 
and directly beneath them their deviation from 
the figures computed from the formula. The 
letter m denotes regions where the corresponding 
bands are masked by nitrogen. 

Since antimony has two isotopes, namely, 121 
and 123, the abundance ratio of which is 56 to 
44, the isotopic separation was computed for 
SbN. The greatest separation, namely in the 
31,000 region, is of the order of 3 cm~. This 
could not be accurately resolved under our 
experimental conditions with the Hilger E1 and 
hence would appear only in the diffuseness of 
the bands. 

The observed band system of SbN shows 
much similarity with those of PN and AsN with 
respect to the intensity distribution of the bands. 
In Table IV are listed the molecular constants 
of these three molecules and of the corresponding 
elemental molecules for comparison.’ That the 
band system discussed is due to a '‘II—'2Z 


® Most molecular constants have been taken from tables 
in H. Sponer, Molekiilspektren (Julius Springer, Berlin, 
1935), Vol. I, and G. Herzberg, Molecular Spectra and Molec- 
ular Structure (Prentice Hall, 1939). 





transition is without doubt true for PN as 
Herzberg has shown from the rotational analysis, 
He has furthermore made it seem very plausible 
that the '2 represents the normal state of the 
molecule. His conclusion has recently been 
confirmed by Moureu, Rosen and Wetroff'® who 
obtained the PN bands in absorption. We have 
in all probability also 'II—'Z transitions in the 
cases of AsN and SbN. Spinks has concluded 
this from the measurement of the fine structure 
of several AsN bands and the same is assumed 
here for the SbN bands. The shift of the band 
system towards longer waves when going to 
heavier nitrides is of the expected magnitude as 
is the decrease in frequencies. In analogy to 
PN it seems safe to assume that the ground 
state is involved also in the transitions of AsN 
and SbN. Values for the dissociation heats of 
the nitrides can only be given roughly. They 
all have been obtained by extrapolation accord- 
ing to the method of Birge and Sponer." The 
best value is probably that of 6.3 volts for PN 
which has been discussed by Herzberg. The 
values for AsN and SDN are certainly too high 
and represent quite rough estimates, but give at 
least an idea of the order of magnitude. The 


whole comparison can be considered as further 


10H. Moureu, B. Rosen and G. Wetroff, Comptes 
rendus 209, 207 (1939). 
1 R. T. Birge and H. Sponer, Phys. Rev. 28, 259 (1926). 












SPECTRUM OF ANTIMONY NITRIDE 


TABLE IV. Comparison of molecular constants for PN, AsN, SbN and corresponding elemental molecules. 








—————— 
SSE ~ ~~— 


TRANSITION ¥0,0 


SPECTRAL 
REGION 
INA 





1678.96 


1f]—'!E 68,956.6 
472.62 


1p—>!y 46,790.1 
1p! 40,261 ~280 
1p! 32,027 ~215 
I>—!E 36,446 146 
I>! 39,688.5 1095.87 
1J—>!E 35,905.9 863.02 
34,409 824.7 


1205-2500 
1900-3500 
2100-3700 
2840-3300 
2600-2900 
2375-2775 
2400-3100 
2800-3200 


2345.16 
777.63 
428.32 
269.28 
173.3 

1330.26 

1062.60 
936.4 








evidence for the correctness of the analysis given 
for SbN. 

A comparison of the nitrides with the corre- 
sponding elemental molecules seems of interest. 
In all these cases each of the two atoms which 
form the molecule has, besides closed shells, 
three p electrons which become responsible for 
the binding and form three bonding electron 
pairs. For all of them the normal state is a ‘2, 
but the transition discussed here is a ‘II—'Z 
only for Nz, whereas it is a '2->'Z for the heavier 
elemental molecules. A discontinuity is also 
observed when comparing the different molecular 
constants of Ne with those of the succeeding 
molecules. This can be understood, however, as 
Herzberg” and Mulliken™ have pointed out from 
the fact that Nz approaches the “‘united atom,” 
in this case Si, much more closely than P: or 
the succeeding heavier molecules approach the 
corresponding united atom. 

The “rule of means’’ or a modified rule of 
means has been used" to calculate the vibrational 


# G. Herzberg, Ann. d. Physik 15, 677 (1932). 

#R.S. Mulliken, Rev. Mod. Phys. 4, 15 (1932). 

“C,H. D. Clark, Trans. Faraday Soc. 31, 1017 (1935); 
33, 1390 (1937); H. G. Howell, Nature 138, 36, 290 (1936). 


frequency for the ground state of a compound 
molecule from the corresponding frequencies of 
the two elementa! molecules whose atoms consti- 
tute the compound molecule. Whereas the 
relationship gives good results for the alkalis and 
their mixed molecules, the molecules of group 
six and their oxides, the halides and their mixed 
molecules, it does not hold for the nitrides of 
the fifth group. Howell and Clark took this 
failure as a possible indication that the band 
systems of the nitrides represent transitions 
between two excited states. That this possibility 
is now definitely ruled out for PN by the men- 
tioned absorption experiments has already been 
pointed out by Moureu, Rosen and Wetroff. 
The same is most probably true for AsN and 
SDN. The poor fulfillment of Clark’s rule for the 
nitrides of the fifth group may have something 
to do with the above-mentioned discontinuity 
in the molecular constants of Nz and the suc- 
ceeding molecules. 

In conclusion, we wish to acknowledge the 
assistance of Dr. J. S. Kirby-Smith in taking 
some of the test experiments in hydrogen. 
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Internal Pair Production in Radium C’ 
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Ra C’ shows a sharp line of 1.4-Mev conversion electrons with no corresponding quanta. 
The nuclear transition therefore is probably between states of zero angular momentum and 
like parity. We compute here the ratio of pair production to internal conversion of both K 
electrons for this process. Various approximations to the complicated exact formula are given 
for different Z values. For the case of Ra C’ this ratio is about 0.6 percent. This should be 
observable in a trochoid focusing spectrometer. 





ADIUM CC’ shows a very sharp line of conversion electrons corresponding to a nuclear energy 
change of 1.42 Mev. Investigation has shown that there are no gamma-quanta of this energy, 
This situation would not occur if the nuclear transition were between two states differing greatly in 
angular momentum, since for this, energy, the internal conversion coefficient is always small! 
Gamow? has suggested that this may be due to a Ocxc—Onorm transition, in which case one quantum 
emission would be forbidden. These levels must have the same parity since otherwise the matrix 
elements of charge and current density vanish, and internal conversion would not take place if only 
electromagnetic coupling were involved.’ In this Ra C’ transition, therefore, electron-positron pairs 
would be expected. We calculate here the ratio of pairs to conversion electrons. 
The probability of conversion of both K electrons is readily obtained from Dirac wave-functions 
by summing over initial and final spin states: 


Ca-v)+3(1+7)} 
27[F(2y+1)}* 


2 








W) | W 
Z3a°[4ZaPR? }??-?P(W+ 7) exp {raz} | r(++iaz—) 


Wr= 


where we have chosen units such that m, c, h are equal to unity. Here y=[1 —(za)*]! and a is fine 
structure constant. W= E+7 is the energy of the outgoing electron, P = [w*—1 ]! is the momentum of 
the electron, and R is the nuclear radius. In the nuclear matrix element M= (exe, Lif ?Wnorm). Fj 
represents a summation over all nuclear protons at positions rj. 

The internal pair production probability involves the same matrix element M, and the same power 


of the nuclear radius R, and is 











32 
wWp= M?a?(2R)*7—4I, 
9n[T(2y+1) ]}* 
where 
E-1 dx[x(E—x)—vy?*] (E—x) x 
-f exp | roa] ae 
1 = {(x?—1) [(E—x)?-1]}}*"7 [(E—x)?—1]}! [x?-1]} 


taZx \|? 
r(++- ) 
[x*—1} 


The above formulae for wx and wp are exact. For each case treated J will have to be integrated 


2 

















| (E—x) 
x r(++iaz ) 
[(E—x)?—1]}! 


numerically. 


1S. M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
2G. Gamow, Constitution of Atomic Nuclei and Radioactivity (Oxford Univ. Press, 1931), p. 79. 


3 J. R. Oppenheimer and J. S. Schwinger, Phys. Rev. 56, 1066 (1939). 
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INTERNAL PAIR PRODUCTION 


Several useful approximations may be given. For Z large (>60) so that exp {2raz}>1 


1 tiaz)| [3-—2y]2 il a2 
Y T1aZLZ— —|I—-ZY aZ— ex —TaZz— 
“?P sank ic P 


where we have also made an expansion in powers of (1—+y) which is good for all nuclei (2290). 


iil we TRrtDLA-D+VII+DE 


W(W+ 7) 
Za)?7 P?27-2______, 
Wp 24[3—27] I’ 








—2raZx 
) la 


pet lE-xJx(E-x) 7] 
ie | [x*-1} 


exp | 
{ (x?—1)[(E—x)?—1]}'"-7 


For low Z(< 20) we may put y=1; then 


wr /wWp=22r(Za)*P(W+1)/1"” 
and 


E-1 
=f {(x?—1)[(B—x)?—1]}[x(E—x) —1 Jax. 


In the extreme relativistic case (E>1) and low Z 
wx /wp = 601(Za/E)*. 


For radium C’, Z=84 and E=1.42 Mev. The approximation for large Z gives wx/wp~170. The 
positrons might be observable in a trochoid focusing spectrometer, particularly since the positron 
usually carries off most of the energy; or the annihilation radiation might be observed. One should 
note that two quantum emission does not play an important part in this case, since its probability is 
~10-7 of the internal conversion probability.* 

The author thanks Professor J. R. Oppenheimer and Dr. L. I. Schiff for suggesting this problem 
and for their kind guidance and helpful discussions. 














2 rere 








NE 


es 
a 


: —_—— 








OCTOBER 15, 1940 


PHYSICAL REVIEW 


The Connection Between Spin and Statistics’ 





VOLUME 58 


W. Pavuti 
Phystkalisches Institut, Eidg. Technischen Hochschule, Ziirich, Switzerland 
and Institute for Advanced Study, Princeton, New Jersey 


(Received August 19, 1940) 


In the following paper we conclude for the relativistically invariant wave equation for free 
particles: From postulate (I), according to which the energy must be positive, the necessity 
of Fermi-Dirac statistics for particles with arbitrary half-integral spin; from postulate (II), 
according to which observables on different space-time points with a space-like distance are 
commutable, the necessity of Einstein-Bose statistics for particles with arbitrary integral spin. 
It has been found useful to divide the quantities which are irreducible against Lorentz trans- 
formations into four symmetry classes which have a commutable multiplication like +1, —1, 


+e, —e with @=1. 





§1. Units AND NOTATIONS 


INCE the requirements of the relativity 

theory and the quantum theory are funda- 
mental for every theory, it is natural to use as 
units the vacuum velocity of light c, and Planck’s 
constant divided by 27 which we shall simply 
denote by &. This convention means that all 
quantities are brought to the dimension of the 
power of a length by multiplication with powers 
of # and c. The reciprocal length corresponding 
to the rest mass m is denoted by x=mc/h. 

As time coordinate we use accordingly the 
length of the light path. In specific cases, how- 
ever, we do not wish to give up the use of 
the imaginary time coordinate. Accordingly, a 
tensor index denoted by small Latin letters 1, 
refers to the imaginary time coordinate and 
runs from 1 to 4. A special convention for de- 
noting the complex conjugate seems desirable. 
Whereas for quantities with the index 0 an 
asterisk signifies the complex-conjugate in the 
ordinary sense (e.g., for the current vector S; the 
quantity S,* is the complex conjugate of the 
charge density So), in general U*... signifies: 
the complex-conjugate of Ux... multiplied with 
(—1)*, where is the number of occurrences of 


1 This paper is part of a report which was prepared by the 
author for the Solvay Congress 1939 and in which slight 
improvements have since been made. In view of the 
unfavorable times, the Congress did not take place, and 
the publication of the — has been postponed for an 
indefinite length of time. The relation between the present 


discussion of the connection between spin and statistics, 


and the somewhat less general one of Belinfante, based on 
the concept of charge invariance, has been cleared up by 
W. Pauli and F. J. Belinfante, Physica 7, 177 (1940). 
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the digit 4 among the i, k, --- (e.g. Sy=iS, 
S4* =15S>"*). 
Dirac’s spinors u, with p=1, ---,4 have always 


a Greek index running from 1 to 4, and 4, 
means the complex-conjugate of u, in the ordj. 
nary sense. 

Wave functions, insofar as they are ordinary 
vectors or tensors, are denoted in general with 
capital letters, Ui, Ui.... The symmetry char. 
acter of these tensors must in general be added 
explicitly. As classical fields the electromagnetic 
and the gravitational fields, as well as fields with 
rest mass zero, take a special place, and are 
therefore denoted with the usual letters 9, 
f= —fei, and gix= Qui, respectively. 

The energy-momentum tensor 7% is so de 
fined, that the energy-density W and the mo 
mentum density G; are given in natural units by 
W=—Tau and G,= —1tT x4 with k= 1, 2, 3. 


§2. IRREDUCIBLE TENSORS. DEFINITION OF Spins 


We shall use only a few general properties of 
those quantities which transform according to 
irreducible representations of the Lorentz group! 
The proper Lorentz group is that continuous 
linear group the transformations of which leave 
the form 


4 
k=1 


invariant and in addition to that satisfy the 
condition that they have the determinant +1 


*See B. L. v. d. Waerden, Die gruppentheoretis&e 


Methode in der Quantentheorie (Berlin, 1932). 
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and do not reverse the time. A’tensor or spinor 
which transforms irreducibly under this group 
can be characterized by two integral positive 
numbers (p,q). (The corresponding ‘angular 
momentum quantum numbers” (j,k) are then 
given by p=2j+1, g=2k+1, with integral or 
half-integral j and k.)* The quantity U(j, k) 
characterized by (j,k) has p-g=(2j+1)(2k+1) 
independent components. Hence to (0, 0) corre- 
sponds the scalar, to (3, 3) the vector, to (1, 0) 
the self-dual skew-symmetrical tensor, to (1, 1) 
the symmetrical tensor with vanishing spur, etc. 
Dirac’s spinor «, reduces to two irreducible 
quantities (3,0) and (0, 3) each of which con- 
sists of two components. If U(j, k) transforms 
according to the representation 


(27+1) (2k+1) 


U,'= a 


s=1 


Ars U,, 


then U*(k, 7) transforms according to the com- 
plex-conjugate representation A*. Thus for k=j, 
A*=A. This is true only if the components of 
U(j, k) and U(k, j) are suitably ordered. For an 
arbitrary choice of the components, a similarity 
transformation of A and A* would have to be 
added. In view of §1 we represent generally with 
U* the quantity the transformation of which is 
equitalent to A* if the transformation of U is 
equivalent to A. 

The most important operation is the reduction 
of the product of two quantities 


Ui(ji, Ri) - Ua( je, ke) 


which, according to the well-known rule of the 
composition of angular momenta, decompose into 
several U(j,k) where, independently of each 
other j, k run through the values 


J=hitje jitje—1, ~ 7 lj1—je| 
k=ki+ks, kitke—1, ---, |Ri—ke}. 


By limiting the transformations to the sub- 
group of space rotations alone, the distinction 
between the two numbers j and k disappears and 
U(j,k) behaves under this group just like the 
product of two irreducible quantities U(j) U(k) 
which in turn reduces into several irreducible 


* In the spinor calculus this i , , . 
and 2k dotted indices. us this is a spinor with 27 undotted 


U(l) each having 2/+1 components, with 
l=j+k, j+k—1, ---, |j-—k|. 


Under the space rotations the U(l) with 
integral / transform according to single-valued 
representation, whereas those with half-integral 
l transform according to double-valued repre- 
sentations. Thus the unreduced quantities T(j, k) 
with integral (half-integral) j+k are single- 
valued (double-valued). 

If we now want to determine the spin value of 
the particles which belong to a given field it 
seems at first that these are given by 1=j+k. 
Such a definition would, however, not corre- 
spond to the physical facts, for there then exists 
no relation of the spin value with the number of 
independent plane waves, which are possible in 
the absence of interaction) for given values of the 
components &; in the phase factor exp i(kx). In 
order to define the spin in an appropriate 
fashion,* we want to consider first the case in 
which the rest mass m of all the particles is 
different from zero.,In this case we make a 
transformation to the rest system of the particle, 
where all the space components of k; are zero, 
and the wave function depends only on the time. 
In this system we reduce the field components, 
which according to the field equations do not 
necessarily vanish, into parts irreducible against 
space rotations. To each such part, with r=2s+1 
components, belong r different eigenfunctions 
which under space rotations transform among 
themselves and which belong to a particle with 
spin s. If the field equations describe particles 
with only one spin value there then exists in the 
rest system only one such irreducible group of 
components. From the Lorentz invariance, it 
follows, for an arbitrary system of reference, that 
r or >-r eigenfunctions always belong to a given 
arbitrary k;. The number of quantities U(j, k) 
which enter the theory is, however, in a general 
coordinate system more complicated, since these 
quantities together with the vector k; have to 
satisfy several conditions. 

In the case of zero rest mass there is a special 
degeneracy because, as has been shown by Fierz, 


this case permits a gauge transformation of the 


*See M. Fierz, Helv. Phys. Acta 12, 3 (1939); also 
L. de Broglie, Comptes rendus 208, 1697 (1939); 209, 
265 (1939). 
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second kind.* If the field now describes only one 
kind of particle with the rest mass zero and a 
certain spin value, then there are for a given 
value of k; only two states, which cannot be 
transformed into each other by a gauge trans- 
formation. The definition of spin may, in this 
case, not be determined so far as the physical 
point of view is concerned because the total 
angular momentum of the field cannot be divided 
up into orbital and spin angular momentum by 
measurements. But it is possible to use the 
following property for a definition of the spin. 
If we consider, in the g number theory, states 
where only one particle is present, then not all 
the eigenvalues j(j+1) of the square of the 
angular momentum are possible. But 7 begins 
with a certain minimum value s and takes then 
the values s,s+1, ---.4 This is only the case 
for m=0. For photons, s=1; 7=0 is not possible 
for one single photon.’ For gravitational quanta 
s=2 and the values j=0 and j=1 do not occur. 
In an arbitrary system of reference and for 
arbitrary rest masses, the quantities U all of 
which transform according to double-valued 
(single-valued) representations with half-integral 
(integral) 7+ describe only particles with half- 
integral (integral) spin. A special investigation is 
required only when it is necessary to decide 
whether the theory describes particles with one 
single spin value or with several spin values. 


§3. PROOF OF THE INDEFINITE CHARACTER OF 
THE CHARGE IN CASE OF INTEGRAL AND 
OF THE ENERGY IN CASE OF 
HALF-INTEGRAL SPIN 


We consider first a theory which contains only 
U with integral 7+, i.e., which describes par- 
ticles with integral spins only. It is not assumed 
that only particles with one single spin value 
will be described, but all particles shall have 
integral spin. 


* By ‘‘gauge-transformation of the first kind’’ we under- 
stand a transformation U—Ue'* U*—U*e-** with an 
arbitrary space and time function a. By ‘‘gauge-transforma- 
tion of the second kind” we understand a transformation 
of the type 

ae” 
Pr Pt 
as for those of the electromagnetic potentials. 

‘ The general proof for this has been given by M. Fierz, 
Helv. Phys. Acta 13, 45 (1940). 

5See for instance W. Pauli in the article ‘‘Wellen- 
mechanik” in the Handbuch der Physik, Vol. 24/2, p. 260. 
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We divide the quantities U into two Classes: 
(1) the ‘+1 class” with 7 integral, k integral: 
(2) the “‘—1 class” with j half-integral, & half 
integral. 

The notation is justified because, according to 
the indicated rules about the reduction of , 
product into the irreducible constituents under 
the Lorentz group, the product of two quantities 
of the +1 class or two quantities of the ~| 
class contains only quantities of the +1 class, 
whereas the product of a quantity of the 44 
class with a quantity of the —1 class contains 
only quantities of the —1 class. It is important 
that the complex conjugate U* for which j and} 
are interchanged belong to the same class as J 
As can be seen easily from the multiplication rule 
tensors with even (odd) number of indices redite 
only to quantities of the +1 class (—1 class), 
The propagation vector k; we consider as be. 
longing to the —1 class, since it behaves after 
multiplication with other quantities like a quan. 
tity of the —1 class. 

We consider now a homogeneous and linear 
equation in the quantities U which, however, 
does not necessarily have to be of the first order. 
Assuming a plane wave, we may put b; for 
—id/dx,. Solely on account of the invariance 
against the proper Lorentz group it must pe of 
the typical form 


LkRUt=DLU-, LRU-= LU. (1) 


This typical form shall mean that there may be 
as many different terms of the same type present, 
as there are quantities U* and U~. Furthermore, 
among the U*+ may occur the U* as well as the 
(U+)*, whereas other U may satisfy reality con- 
ditions U= U*. Finally we have omitted an even 
number of k factors. These may be present in 
arbitrary number in the term of the sum on the 
left- or right-hand side of these equations. Itis 
now evident that these equations remain in 
variant under the substitution 


U+—U+, [(U+)*(U*)*]; 
[(U-)*-(U-)*}. 


Let us consider now tensors T of even rank 
(scalars, skew-symmetrical or symmetrical ter 
sors of the 2nd rank, etc.), which are composed 
quadratically or bilinearly of the U’s. They ar 
then composed solely of quantities with eveaj 
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k——k;; 
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and even k and thus are of the typical form 
T~DLUtUt+DLU-U-+LUtkU-, = (3) 


where again a possible even number of & factors 
is omitted and no distinction between U and U* 
is made. Under the substitution (2) they remain 
unchanged, T—T. 

The situation is different for tensors of odd 
rank S (vectors, etc.) which consist of quantities 
with half-integral j and half-integral k. These are 


of the typical form 
S~LURUt+EURU-+EU- (A) 


and hence change the sign under the substitution 
(2), S>—S. Particularly is this the case for the 
current vector s;. To the transformation k;——k; 
belongs for arbitrary wave packets the trans- 
formation x;——x; and it is remarkable that 
from the invariance of Eq. (1) against the 
proper Lorentz group alone there follows an 
invariance property for the change of sign of all 
the coordinates. In particular, the indefinite 
character of the current density and the total 
charge for even spin follows, since to every 
solution of the field equations belongs another 
solution for which the components of s; change 
their sign. The definition of a definite particle 
density for even spin which transforms like the 
4-component of a vector is therefore impossible. 

We now proceed to a discussion of the some- 
what less simple case of half-integral spins. 
Here we divide the quantities U, which have 
half-integral 7+, in the following fashion: (3) 
the “+e class” with 7 integral & half-integral, 
(4) the ‘‘—e class’’ with j half-integral & integral. 

The multiplication of the classes (1), ---, (4), 
follows from the rule &=1 and the commuta- 
bility of the multiplication. This law remains 
unchanged if ¢ is replaced by —e. 

We can summarize the multiplication law 
between the different classes in the following 
multiplication table: 





1 —1 € —e€ 





1 1 —1 € —é€ 





—1 —1 +1 —€ +e 
€ € et +d —1 
—€ —€ € —1 +1 


We notice that these classes have the multipli- 
cation law of Klein’s ‘‘four-group.”’ 

It is important that here the complex-conju- 
gate quantities for which j and & are interchanged 
do not belong to the same class, so that 


U**, (U~*)* belong to the +¢ class 
U-«, (Ut*)* 


—e class. 


We shall therefore cite the complex-conjugate 
quantities explicitly. (One could even choose the 
Ut* suitably so that all quantities of the —e 
class are of the form (U*+*)*.) 

Instead of (1) we obtain now as typical form 


LkUt+ VR(U-*)* =U" + (Ut) 
LkU-*+ DR(U**)* =F Ut + 3 (U-*)*, 


since a factor k or —id/dx always changes the 
expression from one of the classes +¢€ or —e into 
the other. As above, an even number of & factors 
have been omitted. 


Now we consider instead of (2) the substitution 


ki——k;; UtiU*; (U-)*—i(U-9*; (6) 
(Ut*)*— —i(Ut*)*; U- -—iU-«. 


(5) 


This is in accord with the algebraic requirement 
of the passing over to the complex conjugate, as 
well as with the requirement that quantities of 
the same class as Ut‘, (U~*)* transform in the 
same way. Furthermore, it does not interfere 
with possible reality conditions of the type 
Ut*=(U~*)* or U-*=(Ut*)*. Equations (5) re- 
main unchanged under the substitution (6). 

We consider again tensors of even rank 
(scalars, tensors of 2nd rank, etc.), which are 
composed bilinearly or quadratically of the U 
and their complex-conjugate. For reasons similar 
to the above they must be of the form 


T~L Ut Ut+ YUU + UtkU-* + Ft U-*)* + © Ut) *§ + (U-*)* RU 
+2 U*)*kU**+ FU) *k(Ut)*§ + (U9) *(U-*)* +O (Ut) *(U+4)*. (7) 


Furthermore, the tensors of odd rank (vectors, etc.) must be of the form 


S~LUtkUt + YUU" + F UHU-*+- Uk U-*)* + Uk Ut) * + 5 U-(-9)* 
+L Ut(Ut)* +2 (U-)*k(U-)*¥ + (Ut) *k( Ut) * + (U-)*(U+4)*. (8) 
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The result of the substitution (6) is now the 
opposite of the result of the substitution (2): the 
tensors of even rank change their sign, the tensors 
of odd rank remain unchanged: 


T->-T; S—-+S. ¥9) 


In case of half-integral spin, therefore, a 
positive definite energy density, as well as a 
positive definite total energy, is impossible. The 
latter follows from the fact, that, under the above 
substitution, the energy density in every space- 
time point changes its sign as a result of which 
the total energy changes also its sign. 

It may be emphasized that it was not only 
unnecessary to assume that the wave equation 
is of the first order,* but also that the question is 
left open whether the theory is also invariant 
with respect to space reflections (x’ = —x, x9’ =»). 
This scheme covers therefore also Dirac’s two 
component wave equations (with rest mass zero). 

These considerations do not prove that for 
integral spins there always exists a definite 
energy density and for half-integral spins a 
definite charge density. In fact, it has been shown 
by Fierz® that this is not the case for spin >1 
for the densities. There exists, however (in the 
c number theory), a definite total charge for half- 
integral spins and a definite total energy for the 
integral spins. The spin value } is discriminated 
through the possibility of a definite charge 
density, and the spin values 0 and 1 are dis- 
criminated through the possibility of defining a 
definite energy density. Nevertheless, the present 


‘theory permits arbitrary values of the spin 


quantum numbers of elementary particles as well 
as arbitrary values of the rest mass, the electric 
charge, and the magnetic moments of the 
particles. 


§4. QUANTIZATION OF THE FIELDS IN THE AB- 
SENCE OF INTERACTIONS. CONNECTION 
BETWEEN SPIN AND STATISTICS 


The impossibility of defining in a physically 


‘satisfactory way the particle density in the case 


of integral spin and the energy density in the 
case of half-integral spins in the c-number theory 


* But we exclude operations like (k*+.«*)!, which operate 
at finite distances in the coordinate space. 
* M. Fierz, Helv. Phys. Acta 12, 3 (1939). 
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is an indication that a satisfactory interpretation 
of the theory within the limits of the one-body 
problem is not possible.* In fact, all relativist. 
cally invariant theories lead to particles, which 
in external fields can be emitted and absorbed in 
pairs of opposite charge for electrical particles 
and singly for neutral particles. The fields must, 
therefore, undergo a second quantization. For 
this we do not wish to apply here the canonica] 
formalism, in which time is unnecessarily sharply 
distinguished from space, and which js only 
suitable if there are no supplementary conditions 
between the canonical variables.’ Instead, we 
shall apply here a generalization of this method 
which was applied for the first time by Jordan 
and Pauli to the electromagnetic field.* This 
method is especially convenient in the absence 
of interaction, where all fields U™ satisfy the 
wave equation of the second order 


CU" -—2UM=0, (9) 
where 
4 @? 3? 
O=> —=a-— 
k=1 OX,? 0x0? 


and x is the rest mass of the particles in units h/c, 

An important tool for the second quantization 
is the invariant D function, which satisfies the 
wave equation (9) and is given in a periodicity 
volume V of the eigenfunctions by 


1 sin koxo 
D(x, xo) “Se exp ns (10) 


or in the limit V-« 


sin Rox» 





D = : ak t(kx 
aw) =o f exp [i(kx)] (tt) 


0 


* The author therefore considers as not conclusive the 
original argument of Dirac, according to which the field 
equation must be of the first order. 

7On account of the existence of such conditions the 
canonical formalism is not applicable for spin >1 and 
therefore the discussion about the connection between 
spin and statistics by J. S. de Wet, Phys. Rev. 57, 646 
(1940), which is based on that formalism is not general 
enough. 

* The consistent development of this method leads to 
the ‘“‘many-time formalism’ of Dirac, which has been 
given by P. A. M. Dirac, Quantum Mechanics (Oxford, 
second edition, 1935). 
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By ko we understand the positive root 

ko= +(k?+x*)!. (12) 
The D function is uniquely determined by the 
conditions : ; 
Cp-eD=0; D(x, 0)=0; 


aD 
(—) =6(x). (13) 
OXo x9 =0 


For x=0 we have simply 
D(x, x0) = {6(r—x0) — 6(r+x0)}/4ar. (14) 


This expression also determines the singularity 
of D(x, xo) on the light cone for «+0. But in 
the latter case D is no longer different from zero 
in the inner part of the cone. One finds for this 


region® 


1 a 
D(x, x0) = ——— —F(r, xo) 
4ar or 


with 
[ Jol «(x0 —7*) 4] for xo>r | 
F(r, x0) =4 0 for r>xo>—r>(15) 
| = oleae? —r*)*] for —r>Xo. | 


The jump from + to — of the function F on 
the light cone corresponds to the 6 singularity of 
D on this cone. For the following it will be of 
decisive importance that D vanish in the exterior 
of the cone (i.e., for r>xo>—r). 

The form of the factor d*k/k» is determined by 
the fact that d*k/ko is invariant on the hyper- 
boloid (k) of the four-dimensional momentum 
space (k, ko). It is for this reason that, apart 
from D, there exists just one more function 
which is invariant and which satisfies the wave 
equation (9), namely, 


1 ’ 0 Pong zee . 


For x=0 one finds 


1 
D,(x, xo) =— 


22? r?—x9? 





(17) 


*See P. A.-M. Dirac, Proc. Camb. Phil. Soc. 30, 150 


(1934). 


SPIN AND STATISTICS 


In general it follows 


11a 
D,(x, x0) =— - —Fi(r, x0) 


4nr or 


Nol. x(x0?—r*)*] for xo>r 
Fy(r, x0) =) —t1Ho™[ix(r?—x,?)!] for r>xo>—r 
Nol. x(xe? —r?)*] for —r>Xo. 
(18) 


Here No stands for Neumann’s function and 
H,™ for the first Hankel cylinder function. The 
strongest singularity of D, on the surface of the 
light cone is in general determined by (17). 

We shall, however, expressively postulate in 
the following that all physical quantities at finite 
distances exterior to the light cone (for | xo’ —x0'’ | 
<|x’—x’’|) are commutable.* It follows from this 
that the bracket expressions of all quantities 
which satisfy the force-free wave equation (9) 
can be expressed by the function D and (a finite 
number) of derivatives of it without using the 
function D,. This is also true for brackets with 
the + sign, since otherwise it would follow that 
gauge invariant quantities, which are constructed 
bilinearly from the U®, as for example the 
charge density, are noncommutable in two points 
with a space-like distance.’ 

The justification for our postulate lies in the 
fact that measurements at two space points with 
a space-like distance can never disturb each 
other, since no signals can be transmitted with 
velocities greater than that of light. Theories 
which would make use of the D, function in 
their quantization would be very much different 
from the known theories in their consequences. 

At once we are able to draw further conclusions 
about the number of derivatives of D function 
which can occur in the bracket expressions, if we 
take into account the invariance of the theories 
under the transformations of the restricted 
Lorentz group and if we use the results of the 
preceding section on the class division of the 
tensors. We assume the quantities U™ to be 
ordered in such a way that each field component 
is composed only of quantities of the same class. 


* For the canonical quantization formalism this postulate 
is satisfied implicitly. But this postulate is much more 
general than the canonical formalism. 

10 3 W. Pauli, Ann. de I’Inst. H. Poincaré 6, 137 (1936), 
esp. §3. 
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We consider especially the bracket expression of 
a field component U“™ with its own complex 
conjugate 


[LU (x’, xo’), U*(x”, x0") J. 


We distinguish now the two cases of half-in- 
tegral and integral spin. In the former case this 
expression transforms according to (8) under 
Lorentz transformations as a tensor of odd rank. 
In the second case, however, it transforms as a 
tensor of even rank. Hence we have for half- 


integral spin 
LU“ (x’, xo’), U*(x”, x0”) J 
=odd number of derivatives of the function 
D(x’ —x"’, xo’ —x0'’) (19a) 


and similarly for integral spin 


CU (x’, xo’), U*(x”, x0") J 
=even number of derivatives of the function 
D(x’ —x", x0’ — x0’). (19b) 


This must be understood in such a way that on 
the right-hand side there may occur a compli- 
cated sum of expressions of the type indicated. 
We consider now the following expression, which 
is symmetrical in the two points 


X=[U(x’, x0’), U*(x”, x0") J 
+[U(x”, x0"), U*(x’, x0') J. 


Since the D function is even in the space coordi- 
nates odd in the time coordinate, which can be 
seen at once from Eqs. (11) or (15), it follows 
from the symmetry of X that X =even number 
of space-like times odd number$ of time-like 
derivatives of D(x’—x’’, xo’ —x0"’). This is fully 
consistent with the postulate (19a) for half- 
integral spin, but in contradiction with (19b) for 
integral spin unless X vanishes. We have there- 
fore the result for integral spin 


[UM (x’, Xo’), U* (x, xo’) | 
+[U(x”, x0"), U*(x’, xo’) ]=0. 


So far we have not distinguished between the 
two cases of Bose statistics and the exclusion 
principle. In the former case, one has the ordi- 
nary bracket with the — sign, in the latter case, 


(20) 


(21) 


W. PAULI 








according to Jordan and Wigner, the bracket 
[A, B],=AB+BA 


with the + sign. By inserting the brackets with the 
+ sign into (20) we have an algebraic contradiction 
since the left-hand side is essentially positive Pr 
x’=x"’ and cannot vanish unless both J and 
U*® vanish.* 

Hence we come to the result: For integral spin 
the quantization according to the exclusion princip, 
is not possible. For this result it is essential, thy 
the use of the D; function in place of the D functign 
be, for general reasons, discarded. 

On the other hand, it is formally possible ty 
quantize the theory for half-integral spins accor. 
ing to Einstein-Bose-statistics, but according y 
the general result of the preceding section the energy 
of the system would not be positive. Since fo 
physical reasons it is necessary to postulate this, 
we must apply the exclusion principle in ¢gp. 
nection with Dirac’s hole theory. 

For the positive proof that a theory with, 
positive total energy is possible by quantization 
according to Bose-statistics (exclusion Principle) 
for integral (half-integral) spins, we must refe 
to the already mentioned paper by Fierz. fy 
another paper by Fierz and Pauli" the case of ay 
external electromagnetic field and also the cop. 
nection between the special case of spin 2 and 
the gravitational theory of Einstein has bee 
discussed. 

In conclusion we wish to state, that according 
to our opinion the connection between spin and 
statistics is one of the most important applica 
tions of the special relativity theory. 


* This contradiction may be seen also by resolving [¥ 
into eigenvibrations according to 
U*) (x, xo) = V-4 2, { U,*(k) exp [i { — (kx) +horo}] 
+ U_(k) exp [7 | (kx) —ken]) 
U(x, xo) = V-4 2 {U,(k) exp [4 { (kx) — koro} ] 
+ U_*(k) exp [i { —(kx)+he}]). 
The equation (21) leads then, among others, to the relatia 
CU,*(k), U,(k)J+[U_(k), U_*(k)]=0, 
a relation, which is not possible for brackets with the + 


sign unless Ui(k) and U+*(k) vanish. 
1M. Fierz and W. Pauli, Proc. Roy. Soc. A173, iil 


(1939). 
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A Relativistic Self-Consistent Field for Cu+ * 


A. O. WiuiaMs, Jr. 
University of Maine, Orono, Maine 
(Received July 8, 1940) 


An improvement can be made in the Hartree self-consistent field solution of the many- 
electron atom by substituting the Dirac relativistic one-electron equation for the Schrédinger 
one-electron equation. It has been shown earlier that in the solution without exchange the 
necessary potential function can be found just as in the nonrelativistic case. The numerical 
solution for the inner shelis of Cu* is outlined, and tables of the resulting energy parameters 
and charge density distribution are given. The corrections introduced into the charge density 
distribution are small, except near the nucleus, for this comparatively light ion. The energy 
parameters are noticeably affected, and the known splitting of the (p) and (d) energy pa- 
rameters is shown. Approximate calculations of the magnetic interaction energies between 
two electrons show the results to be negligible, to the order of accuracy of the main calculations. 





I. INTRODUCTION 


T was first suggested by Swirles' that the 

simple substitution of the Dirac one-electron 
equation? for the Schrédinger equation in the 
Hartree method? of the self-consistent field would 
give results of considerable value in predicting 
relativistic corrections in the energy levels and 
charge density distributions of heavy atoms. 
The questions of exchange effects, retarded 
potentials, and interactions of the magnetic 
moments of the electrons have been further 
discussed by Swirles,* following in part work by 
Bethe and Fermi.°® 

The equations necessary for the Hartree 
treatment with relativistic corrections, both with 
and without exchange, were given in the articles 
mentioned.** The present article outlines the 
procedures used in solving the equations without 
exchange, and presents some numerical results 
for the inner shells (those most affected by 
relativistic corrections) of Cu+. This ion was 
chosen as the heaviest yet treated both with 
and without exchange (by Hartree*). 


* Abstract of a thesis submitted to the Graduate School 
of Brown University in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

1B. Swirles, Proc. Roy. Soc. A152, 625 (1935). 

Ne M. Dirac, Proc. Roy. Soc. A117, 610; A118, 351 
ae ® Hartree, Proc. Camb. Phil. Soc. 24, 89, 111 

‘B. Swirles, Proc. Roy. Soc. A157, 680 (1936). 

1932) A. Bethe and E. Fermi, Zeits. f. Physik 77, 296 

*D. R. Hartree, Proc. Roy. Soc. Al41, 282 (1933); 
A157, 490 (1936). 
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II. RELATIVISTIC EQUATIONS 


The Dirac matrix equation for an electron in 
a central field of electrostatic potential V can be 
written in the form of four nonmatrix equations, 
in terms of four components y¥, 2, vs, v4 of the 
matrix wave function. 

It has been shown’ that the equations are 
separable as follows: 


¥i=F,(r)fi(6, $) 
vo= Fi(r)fo(0, o) 
¥3=Gi(r)fs(, $) 
¥s=Gilr)f4(0, >). 


The exact forms of f1, fe, fs, f4, which are spherical 
harmonics, have four sets of values,'? depending 
on the quantum numbers 7, j, u. The radial 
portions F;, G,; satisfy the two equations 


W-+ Vir) d l 
(——+-) F.+—G,-—-G,=0 


c r r 


W+ V(r) d 1+2 
- (04 rt Fi =0 
dr r 


c 


(1) 


(2) 


for j=l1+}. For j=l—}3, the corresponding 
F_j_,, G_i_: satisfy similar equations with —/—1 
substituted for / throughout. 

The units of (2) are atomic.’ W represents the 
total energy of the electron, including its rest 


7C. G. Darwin, Proc. Roy. Soc. A118, 654 (1928). 
8 E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra (Cambridge, 1935), p. 428. 


















energy, c is the velocity of light, and V(r) the 
spherically symmetrical electrostatic potential. 
The complete wave functions are listed in 
several places."7? Their orthogonality properties 
have been discussed by Hartree. Examination 
of each f(@, ¢) shows that, for a given total 
quantum number, , the quantum number / can 
be 0, 1, 2, ---, (w—1), just as in Schrédinger’s 
theory. The number of solutions for a given / 
depends on / and on j (+3 or 1—}4). The results 


TABLE I. Comparison of energy parameters E. 











Now REL. OBSERVED 
REL. Non RE L.* Excu.¢ K-Ray 
STATE En €nl €ni,nl LEVEL 
1s 332.4 329.0 329.2 330.8 
2s 39.76 39.22; 41.15 40.50 
1/2 35.33 35.1; 
2p 34.93 35.915 
3/2 34.57 34.4; 
3s 4.489 4.484 5.325; 4.4; 
1/2 3.006 
3p 3.039 3.639; 2.85 
3/2 2.909 
3/2 0.510 
3d 0.5975 0.8065 0.2 
5/2 0.500 








can be summarized thus: for s electrons, with 
1=0, j=1+-3 only, and there are two independent 
orthogonal solutions; for p electrons with /=1, 
there are two solutions for 7=/—} and four for 
j=I1++4; for d electrons, with /=2, there are four 
solutions for 7=/—3 and six for j7=/+}4. The 
several solutions for a certain n, 1, 7 have the 
same radial portion for their wave functions, and 
the same energy, differing only in their depend- 
ence on angle. The two sets of solutions for a 
certain n, l arising from j=/—}4 or 1+-3 differ in 
energy, as well as in their functional form. 

The usual Hartree preparation for numerical 
solution can be made, by writing Z,(r)/r for 
V(r), and P:=rGi, Q:=rFi. Further, W=moc* 
—E, or @-—E in atomic units; 2E corresponds 
to the Hartree energy parameter e. The Eqs. (2) 
become, after elimination of Q; and insertion of 
the abbreviation 


*D. R. Hartree, Proc. Camb. Phil. Soc. 25, 225 (1929). 
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U(r) =2c?+Z,/r—E, 











@P; _fi(l+1) E-Z,/y3 
—=P| +28~2,/r]-P| 
dr? r? Cc 
1sd 2 dP, daha 
+{— ” »/")) a ‘)} (3) 
~ Te «sv (t) 


Examination of Eq. (3) shows that as cs» 
the terms in { } vanish, leaving the familia, 
nonrelativistic equation. However, near r=0 the 
equation becomes indeterminate, and in any 
case ¢ is very far from being infinite—in atomic 
units it is about 137. More careful examination 
shows that the term in [ ] is not affected by 
substituting —/—1 for J, and that the term 
[(1/c)(E—Z,/r) F is only very slightly affected, 
in the main serving merely to make 2E exceed 
Hartree’s ¢. Only in the last term does a syb. 
stantial change result when —/—1 replaces | 
The change turns out to make E greater for 
—1l—1, or for j7=1—}4, than for / or j7=1+4, and 
hence predicts not only the existence of spin 
doubling of energy levels but also the relative 
positions of these energy levels. 


III. SoLUTION OF EQUATIONS 


The general procedure for numerical solution 
follows the Hartree method.** Z,(r) is chosen 
and the equations are integrated outward from 
r=0 and inward from r= @, and joined smoothly 
by proper choice of E. The wave functions are 
normalized and used to compute a new Z,(f). 
The process ideally should be repeated until the 
initial and final Z,’s coincide for all r to the 
desired degree, to give completely ‘“self-con- 
sistent” results. The value 137.26 was chosen 
for c, although probably no such number of 
figures was necessary. 

The solution can be carried out either by 
simultaneous integration of (2), or by use of (3) 
and later of (4). Both methods were tried in 
practice. The simultaneous integration of (2) 
requires starting values of P; and Q,, involves 
less work in calculating coefficients, but doe 
not go very smoothly or converge rapidly. The 
integration of the second order (3) requires 
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starting values of P, and dP,/dr, and involves 
gthy computations of coefficients, but con- 
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approximation and the one-electron contribu- 
tions to the field are not tabulated here, but are 






























r 2 a rapidly and proceeds smoothly. Q; need available on application to the author. The 
be computed only roughly, since it is small. In energy parameters E are presented in Table I, 
either case, the necessary starting values are with the nonrelativistic values and the corre- 

3 found by assuming solutions in power series very sponding observed levels for comparison. In 
7 similar to those of the corresponding hydrogenic ‘Table II is a comparison of the total probability 
problem, but assuming Z, to vary linearly with r. charge density with the values predicted by the 
(4) Once started, the integration of Eqs. (2) or nonrelativistic calculations. The comparison is 
(3) is continued numerically out to a point indicated at intervals of r much greater than 
beyond the last maximum of P. For the function those used in calculation, and is carried out 

a P,, n—-l-1 nodes are found, as in the non- only as far as the uncertainty in the slowly 

niliar relativistic case, but P_;_; always differs greatly increasing 3d density can be considered negli- 

0 the from P;. To find a solution vanishing at infinity, gible. Outside this point, exchange corrections 

| any the Eq. (3) in a transformed variation is inte- will completely overshadow the relativistic ones. 

tomic . grated inward, and both inward and outward 

ation integrations are repeated with different values IV. Discussion OF RESULTS 

- of E until a smooth yom accomplished. ‘ The values of E are seen to be in neither 

7 The equation used for inward integration better nor worse agreement with experimental 

Cted, resembles closely the Hartree 1-equation.**® ; g a a ; 

xceed : ; : ae f Values than were the nonrelativistic ones. This 
It is derived from (3) by the substitution of . “- sill sini tents Mis mediante 

- Sub- = —P’/P, and has the form > 00 BS CHpECTEG, Hass : y 

ces | 0 , the energy levels of the atom, as Fock" and 

© for F - U(1-+1) others have shown. However, the differences 

" ta —(Z,/r)n— between the energy parameters of two electrons 

= dr U dr r TABLE 1 ae chore foley ZatiNnry(Ph nts + Pats) 

1 1+1 d U(2c?— U) Sstblie unceriatn. yo, Sever Uuntils in 

$— —— —(Z,/9) —-———————,_ (5) second decimal place). 

"ee 5 r REL. NoOnrREL.® NONREL. Excu.* 
ution » is a monotone function approaching the value oo By Ry Ra 
sell (2E—E?/c*)' for very large r, and dn/dr is both 0.020 27.38 26.36 26.38 
ual small and slowly varying in this region. Hence 0.040 35.16 34.85 34:87 

the integration is easily started by successive 0.06 30.08 30.08 30.21 

< approximations, at a fairly large value of r (6 to oo. ayy — a 
10 times 7 at the last maximum of P). 0.18 39.13 39.23 39.59 

_ For the outward integration, the Milne a na a oy . 

, the method” of integration was used. The integration 0.45 16.51 17.61 19.13 

al of the n-equation was carried out partly by the Ty att yo oe 

alll Milne and partly by the Runge-Kutta method." 1.0 11.76 12.17 12.39 

ot Two complete approximations were carried 

out. That is, each of the nine different equations ; ; , 

- (one for each s state, two for each p andd state) ™ pe homage — but with ne yw "re , hear 

of was integrated and joined smoothly, starting re ie - np ee Sad dies =. aa. SS Gaee “ 

od it from the nonrelativistic potential function. Then : pre , : np . aa eae 

f ( a new potential function was computed, and the ‘° oF a ency ” aaa u we oO : 

“a integration was carried out again. The resulting Presented here are less than the completely 

un-normalized wave functions of the second ‘€/f-consistent ones (only very slightly so in the 
does aautinienenee 1- and 2-shells). 

. The A. A. Bennett, W. E. Milne and H. Bateman, Bull. 


Nat. Research. Council No. 92, pp. 76, 77 (1933). VY. Fock, Zeits. f. Physik 61, 126 (1930). 
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The total probability charge density is seen 
to differ considerably from both exchange and 
nonexchange values, in the region close to the 
nucleus. The charge density for each single 
electron turns out to resemble that for the 
nonrelativistic case, but with all maxima “‘pulled 
in” and raised. These effects are blurred by the 
addition of the separate electron densities, but 
traces of such behavior remain in the total 
charge density. The size of the relativistic 
corrections appear to be just too small to produce 
important corrections in atomic form factors 
and other secondary characteristics of the whole 
atom. However, it must be noted that copper is 
a relatively light ion, and the corrections for 
such an ion as mercury would be enormously 
greater. 

The energy parameters for the 3d electrons 
given in Table I, but not their separation, are 
probably much in error, because of their extreme 
sensitivity to slight corrections in wave functions 
and fields (‘‘over-stability,”” as Hartree calls it). 
Further work on them is in progress. The other 
3-shell electrons may be slightly affected, but in 
any case exchange corrections are far more im- 
portant here. 

A comparison of the total charge density 
relativistic corrections with those predicted by 
the relativistic Thomas-Fermi method of Val- 
larta and Rosen” shows fairly good agreement 
close to the nucleus (out to r~ 0.05), but definite 
disagreement further out. 


V. SMALL SIZE OF MAGNETIC EFFECTS 


Bethe and Fermi® have derived expressions 
for the electrostatic and magnetic interactions 
between two electrons. The electrostatic inter- 
action energies turn out to be just those intro- 
duced into the Hartree equation by the method 


12M. S. Vallarta and N. Rosen, Phys. Rev. 41, 708 
(1932). 


WILLIAMS, JR. 










of calculating the one-electron potential function 
and so need no further consideration. 


The integrals representing the magnetic inter. 


action of electrons can be calculated explicitly 
with the wave functions just tabulated, The 
work is simplified by the fact, shown by Hartree! 
that in any closed shell the electrons may fy 
paired in such a way that the net current of 
each pair is zero. The Cut ion containing only 
closed shells, each electron thus interacts Mag. 
netically only with its partner in such a pair, 

The integration over the angular portion of 
the energy integrals is readily carried out afte, 
the 1/|r—r’| factor of Bethe and Ferm, 
derivation is expanded in spherical harmonics 
Certain formulas for the integral of the produc; 
of three spherical harmonics, derived by Gaunt 
are very useful in this procedure. The integration 
over the radial portion is more complicated, by 
for the present purpose it sufficed to calculate a 
very strongly dominating integral. The following 
values are the upper bounds actually found for 
the contribution to the energy of each electron, 
arising from its magnetic interaction with jts 
paired partner. The units are those of Table |, 
The values found were: (1s), 0.3; (2s), 0.015; 
(2p), 0.01 ; (2p),, 0.01 ; (3s), 0.001 ; (3p) ;, 0.0005; 
(3p)3, 0.0008 ; (3d),, 0.0003 ; (3d),, 0.0003. When 
it is noted that the actual values must be less 
than these bounds, it is evident that the magnetic 
interaction energies are negligible beside the 
usual errors of the self-consistent field method. 

In conclusion, the author wishes to express 
his thanks to Professor R. B. Lindsay of Brown 
University, who suggested this problem and 
supervised its general development, and to the 
Coe Research Fund Committee of the University 
of Maine, which financed the renting of a 
computing machine with which to carry out 
further calculations on the (3d) shell. 


13 J. A. Gaunt, Phil. Trans. Roy. Soc. 226, 151 (1929). 
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The Image and Van der Waals Forces at a Metallic Surface 


J. BARDEEN 
Department of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received August 9, 1940) 


Calculations based on a model which takes the structure of the metal into account indicate 
that the force on an electron outside the surface of a metal is just the classical image force, but 
that the van der Waals force on a neutral molecule may be smaller than that given by a semi- 
classical calculation based on the method of images. An approximate value for the van der Waals 
energy between two systems A and B is obtained by calculating the energy of B in the field 
of A, supposing that the electrons of A are in fixed positions. The result is then averaged over 
the coordinates of the electrons of A, giving an energy W,4. Systems A and B may be reversed 
in the above calculation, and an energy Wz be found. The true van der Waals energy is given 
roughly by WaWs/(Wa+Ws). This method gives a new approximate formula for the van 
der Waals interaction between two molecules, which reduces to a well-known result when 
further approximations are made. If system A is the molecule and system B a metallic surface, 
the energy Wa is that found by the image method. The energy Ws is also evaluated, and is 
shown to be of the same order of magnitude as W, for ordinary electron densities in the metal. 
Thus the true energy of interaction may be considerably smaller than that given by the 


image method. 





I. INTRODUCTION 


HE force between an electron or ionized 

molecule and a metallic surface is usually 
obtained by the classical method of images. While 
there can be little doubt that this procedure is 
justified for a relatively slowly moving ion, there 
is some question whether correct results will be 
obtained for the force on an electron whose 
velocity is comparable to the velocities of the 
electrons in the metal. Even more doubtful is the 
use of the image method for the calculation of the 
van der Waals interaction between a neutral 
molecule and metallic surface. 

Experiments on the Schottky effect indicate 
that the image law holds for electrons at dis- 
tances greater than ~10~’ cm from the metallic 
surface. Some years ago! the author showed that 
on theoretical grounds one would expect the 
image law to hold asymptotically at large dis- 
tances, but it was not possible to find the distance 
at which the law begins to break down. Since this 
work has not been reported on in detail, the 
theory is discussed below in Part IT. 

The first calculation of the van der Waals 
interaction between a molecule and a metallic 
surface, based on the method of images, was 
made by Lennard-Jones,? who showed that the 

‘J. Bardeen, Phys. Rev. 49, 640 (1936). 

?J. E. Lennard-Jones, Trans. Faraday Soc. 28, 334 


(1932). Due to a numerical error, the value given for the 
interaction energy is too large by a factor of two. 
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energy depends on the inverse cube of the 
distance from the surface. Recently Pollard and 
Margenau® have reported a calculation based on 
a simplified model which indicated that the force 
should be much smaller than that obtained by 
Lennard-Jones. The smaller value was found to 
be in better agreement with the experimental 
heats of low temperature adsorption. Prosen, 
Sachs and Teller‘ based their calculation on a 
straightforward application of the second-order 
perturbation theory, and found that the energy is 
inversely proportional to the distance if a free 
electron gas is assumed in the metal, and is 
inversely proportional to the square of the 
distance for a degenerate Fermi gas. In these 
calculations, the interaction of the electrons in 
the metal was neglected. 

A new approximate method for the calculation 
of dispersion forces, described below in Part III, 
shows that while .the energy is inversely pro- 
portional to the cube of the distance, the magni- 
tude may be in some cases considerably smaller 
than that given by the image method. The 
interaction between electrons is taken into ac- 
count indirectly. 

The results of the image method are obtained 
if it is assumed that the wave function for the 


ooh G. Pollard and H. Margenau, Phys. Rev. 57, 557 
1 : 

‘E. J. R. Prosen, R. G. Sachs and E. Teller, Phys. Rev. 
57, 1066 (1940). 
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metal depends parametrically on the coordinates 
of the external electrons. The expression for the 
kinetic energy then involves differentiation of the 
wave function with respect to the parameters. 
The terms involving these derivatives are neg- 
lected in the image treatment. It will be shown 
that this neglect is justified in the calculation of 
the force on an electron, but is not justified in the 
calculation of the van der Waals force on a 
neutral molecule. 


II. IMAGE FORCE ON AN ELECTRON 


Let the coordinates of the electrons in the 
metal be denoted by y1, ye, «-*yw, and the 
coordinates of the electron outside of the surface 
by x=(x, y, 2). The origin of coordinates is taken 
at the surface of the metal, with the z axis normal 
to the surface. The wave equation is 


yy) 
=(Eut+W)y, (1) 


(Hu+H.+ V)W (x; V1, aa ee? 


in which Hy is the Hamiltonian for the metal, H, 
is the Hamiltonian for the external electron, V is 
the interaction potential, and Ey is the normal 
energy of the metal. The explicit expression for 
the interaction potential is 


N 
Vaed |y—xl-e f p,(y)|y’—xI-1dr'. (2) 


i=1 


The positive charges in the metal are represented 
by the charge density ep,(y’). If the positive 
charges were discrete, the integral would be 
replaced by a sum, but in any case the calculation 
can be carried through formally with the integral 
form. 

The wave function W(x; yi, --:yw) may be 
written in the approximate form 


W(X; y1, °** Yn) =¥0(K; 1, +++ Yw) G(X), (3) 


where (x, y1, «-* yw) is the wave function for the 
metal in which the coordinates of the external 
electron enter as parameters. It is a solution of 


(Hu t+ V)¥=(Eu+o(x))y. (4) 


The energy w(x) is the image potential —e?/4z, as 
will be shown explicitly below (cf. Eq. (13)). 
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The function y is normalized for all values of y 


foe fervan drat for all x, (5) 


If the function WY given by (3) is introduced into 
(1), we find 


(He+o(x) W(x; y, *** yw) eX) =Whe. 9 


Now H, contains a term —(h?/2m)A which 
operates on both y and ¢, 


He =VH.g— o(h?/2m) Ay 
— (h?/2m) grad y- grad ¢, (7) 
so that (6) becomes 
V(H.+(x)) e— o(h?/2m) Ay 
— (h?/2m) grad y-grad gp=Woyp. (g) 


A wave equation for g may be obtained by taking 
the diagonal element of (8) with respect to the 
metallic wave function. Let us multiply through 
by ¥* and integrate over the coordinates of the 
electrons in the metal. Due to the normalizatig, 
condition, the integral 


f. . - f verad Ydr-+-drvy=0, (9) 


so that the diagonal element of the last term @ 
the left of (8) is zero. It is true that this term wil 
give a contribution to the energy in the second 
order, but the magnitude of this contribution‘ 
smaller than that obtained from the diagonal 
element of the second term. We obtain th 
following equation for the motion of the externa 
electron 


[+0 — (#/2m) f+ 


x [ veavdn: ° dry Je We. (10) 


It will be shown that the integral gives an enemy 
of the order of a dispersion force, and so decrease 
with the cube of the distance from the surface 


5 The magnitude of this contribution to the wy 
be estimated by a method similar to that used for tk 
diagonal element of the second term of (8). 
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The image potential, w(x) enters just as an 
ordinary potential into the equation of motion 
of the electron. 

By taking the Laplacian of the normalization 
integral (5) we find that the integral in Eq. (10) 
may be expressed in the form: 


-(/2m) f . - f veaydn: -+dty 


=(i#/2m) [ --+ f |grad ¥|*dri-+-dry. (11) 


To evaluate this integral, we start by taking the 
gradient of Eq. (4), the equation for the wave 
function of the metal, with respect to the 
coordinates of the external electron. The re- 


sulting equation is: 
(Hut V) grad ¥+(grad V)y 
=(Ey+w(x)) grad ¥+(grad w(x))y. (12) 


This equation is of just the same form as that 
obtained in the ordinary first-order perturbation 
theory. It may be regarded as being obtained by 
treating e- grad V as a small perturbation intro- 
duced into Eq. (4). The first-order change in the 
wave function is then e- grad y, and Eq. (12) is 
the equation for grad y. In order that this 
equation have a solution, it follows in the usual 
way that 


grad v(x)= f . + f v*(erad V)~drn-+-dry. (13) 


A direct evaluation of this integral, making use 
of the fact that a charge is induced on the surface 
of the metal of such a magnitude as to make the 
tangential components of the electric field vanish 
on the surface, shows, as one would expect, that 
w(x) is just the ordinary image potential. Some 
deviation from the formula w= —e?/4z may be 
expected when the electron is very close to the 
surface, because the induced charge will not be 
concentrated on a plane. The amount of the 
deviation will depend on the structure of the 
metal. 

Grad y may be expanded in terms of the proper 
functions of the metal, y¥, which satisfy the 


equation 
(Hut+ V)y.= Ew. (14) 


By the usual methods, we find 


grad Y= Dark, (15) 
a.=(grad V),0/(Eo— Ex). (16) 


where 


The integral (11) is therefore equal to 


(i/2m) f - . +f \grad ¥|*dry-+-dry 


= (h?/2m)>a?2 
= (h?/2m)>_ | (grad V)xo|?/(Eo—Ex)®. (17) 


An estimate of the magnitude of }\a,? may be 
obtained from the sums 


Si = Da.?(Eo— Ex) = (Eo— Ex) wd a2 (18) 
and 
Se= Dd a,?(Ey— E,)?= (Eo— Ex)*w>_a22, (19) 


both of which may be computed with some 
accuracy. Thus one would expect that 


La? 2S;2/S2, (20) 


at least as to order of magnitude. 
The sum S: may be transformed to an integral, 


S2=2)| (grad V)x0|? 
=f: . - f v*(grad V)*¥dri-++dry, (21) 


which can be evaluated explicitly. The term with 
k=0 has been included in the sum, but this term 
is of the order 1/z* and so can be neglected in 
comparison with the sum of the remaining terms, 
which is of the order 1/z*. The integral depends 
on the structure of the metal. It is evaluated in 
part V for a model which should be approxi- 
mately valid for the monovalent metals, with the 


result 
S: = Ce*/8r,z', (22) 


where C is a numerical factor of the order of 
magnitude unity, r, is the radius of a sphere 
whose volume is equal to the volume occupied 
per electron, and z is the distance from the 
surface. 

The sum S; is of the sort which occurs in the 
second-order perturbation theory: 


S:= >| (grad V)x0|?/(Eo—Ex). (23) 










730 iF 


Let e be an arbitrarily small vector and consider 
Eq. (4) with x changed to x+e. To the order 
é, we have 


(Hu+V+e-grad V+}(e-grad)?V)y 
=(Ey+o(x+e))y. 


If we treat the terms involving ¢ as a perturba- 
tion, we have, to the order e, 


(24) 


w(x+e) =o(x)+ f- ° +f v*(e-grad V)ydr-+-dry 


1 
+; , - f v*{(e-grad)'V vn: --dty 


+> | (e-grad V)x0|?/(Eo— Ex). 


We know that w(x+e) is the image potential, 
—e?/4(z+..), which may be expanded in a power 
series in ¢: 


—e?/4(z+e,) = —e?/4z 
+ (e?/427)e,— (e?/42*)e2+-->. 


(25) 


(26) 
By taking e successively in the x, y, and 2 


directions, and equation the powers of é on the 
two sides of (25), we find 


0=- f ve f ¥*(82V/dx2)ydr: + -dry 

+2 | (0V/dx)x0|?/(Eo— Ex), 

0=- f vee f ¥*(82V/dy*)¥dri- + -drw 

+2 |(9V/dy)x0|?/(Eo— Ex), 

~e/se=- f ve f ¥*(8V/d2?)ydr- dry 


+20 |(0V/d2)x0|*"(Eo—Ex). — (27) 


The sum of these three equations gives us the 
value of S;: 


1 
S,= —e/4e—— J. ° fora V) yd: -+dty. 


Since AV=O inside the metal, the integral 
vanishes, and 


(28) 


S,= —e?/423. 
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The approximate value for the integral (11) ig 
finally obtained as 


(it/2m) J . +f |grad W|%dr---dry 
~ (h?/2m)SP/S2= (h?/2m)(1./2Cz*). (9) 


This is a correction to the kinetic energy resulting 
from the relative motion of the electrons in the 
metal and the external electron. It decreases with 
the cube of the distance from the surface, and 50 
is negligible at large distances. This correction 
term becomes equal to the image potential at g 
distance 


2o=[ (h?/2m) (2r,/Ce*) }'=(r./Cao)'ao, (30) 


where, in the last equation dp is the atomic unit of 
length (0.528X10-* cm). The density of the 
conduction electrons in sodium is such that 
r,=4do, so that the distance 2» is of the order q 
Deviations from the image law due to the fagt 
that the induced charge is not concentrated ona 
plane will occur before the correction to the 
kinetic energy is important. For all practical 
purposes, the latter may be neglected. 


III. METHOD FOR CALCULATION VAN DER 
WAALS ENERGIES 
Let us consider the interaction between two 
systems, A and B, with Hamiltonians H, and 
Hz, together with an interaction potential 
V(A, B). The wave equation is then 


[Hat+Het V(A, B) JW =(EoA+ EF +W)Y, (31) 


in which Eo4 and E>® are the energies of systems 
A and B in their normal states and W is the 
interaction energy. Let the proper functions and 
energies of A and B separately be 94, g°, and 
E}, E,®: 

HagA=EfgA; HegXk®=EPe.®. (30) 
The usual second-order perturbation treatment 
gives 

| Voo, xo |? 


| Vio, 00|? 
W= Vow,0+ >, —————_ ——_—— 
i+0(Ep4—Ej4) &$0( Eo? — E;*) 


| Vio,xo|* 


i$0 (Fy4 — EA +E? —E,®) 
k0 





(33) 
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in which Vjo,x0 is the matrix element 
awe ff etteet*V(A, Boeotedtaradra. (34) 


In some cases, although difficult to carry out 
the rigorous treatment, it is possible to carry 
through the calculation if it is assumed that in 
calculating the wave function and energy of one 
system, the coordinates of the other enter as 
parameters. The calculation of the van der 
Waals interaction between a molecule and a 
metal by the image method is an example of this 
sort. 

Let us first assume that the electrons of A are 
in fixed positions, and calculate the energy, E(A), 
which is a function of the coordinates of A, from 


the equation : 
(Het V(A, B)W(B, A) 

=[E?+e(A)¥(B, A). (35) 
The second-order perturbation treatment gives 


| V (A) | . 


A)= ValA)+ 2 ——————_. (36) 
e( ) 00 i+0 (Eo? — E;®) 
where V,o(A) is the matrix element 
Va(A)= f ei®*V(A, B)evtdrn, (37) 


which depends on the coordinates of A para- 
metrically. Now let «(A) represent a potential 
acting on system A: 


[Hat+e(A) Wa = (EoA+ Wa) Va. (38) 
Then, again to the second order, 
| Voo, xo! ? 


ito (Eo? — Ey) 


| Vio,oo|? 











Ws= Voo, 00+ > 


i¢0 (Ey4 — E;A) 


which differs from the correct interaction po- 
tential, W, (Eq. 33) in the denominator of the 
last term. 

If, instead, we reverse the above procedure and 
calculate the energy of system A by assuming 


IMAGE AND VAN DER WAALS FORCES 


see H. Margenau, Rev. Mod. Phys. 11, 1 (1939). 
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that the coordinates of B enter parametrically, 
we find for the interaction energy 


Voo, xo|” 


> Fives een Sie ths 
io (Ey® — E,®) 


| V jo,00|? 
We=Vaet 2 —— 
i+0 (Eo4 _— E;A) 


] 
| 


r lo 
V jo, ko! ~ 


+o ——. (#) 
i¢0 (Ey4 —E,A) 
k+0 





In the application to the calculation of the van 
der Waals energy between nonpolar systems, the 
matrix element Vjo,x0 is different from zero only 
when both j and k are different from zero. Only 
the last terms of (33), (39) and (40) are then 
nonvanishing. Since >>| Vjo,.0/?=(V2)o0,00 we 
may express W in the form 


W=(V")o00,00/[Eo4 —EjA+Eo? —Ex? Jy, (41) 
and also 
Wa =(V*)00,00/[ Eo? — Ex? Jn, 
Ws =(V*)o,00/[Eot — Ej Jw. (42) 


The average energy differences are defined by 
these equations. One might expect that roughly 


[EA —EA+E,e- E.? jw 


= [ Eo4 = EA Iw + [E? = Ey? \w. (43) 
With this assumption, 
W=W.Ws/(Wa+Wsa). (44) 


While this procedure may be open to some doubt, 
one can say definitely that W is numerically 
smaller than either W,4 or Wa, and also that if 
either W,4 or Wz is very much smaller than the 
other, W will be close to the smallest. 


IV. VAN DER WAALS ForcEs BETWEEN 
NONPOLAR MOLECULES 





The application of the method described in the 
preceding section to the calculation of the second- 
order van der Waals interaction between two 
molecules leads to a different expression from 
those obtained previously, although if certain 
further approximations are made, the result 
reduces to a well-known form.® 


*For a review of the theory of van der Waals forces, 
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Let X4=)°x;4, the sum being extended over 
all the x coordinates of the electrons of molecule 
A, as measured from the center of gravity of the 
molecule. Let X¥ be defined similarly for mole- 
cule B. The interaction potential may then be 
expressed in the form 


V(A, B) = (e?/r*) (X4X8+ Y4 V8 —2Z4Z%), (45) 


where r is the distance between the molecules, 
and the z axis lies along the line joining them. 
The normal states of the molecules A and B may 
be degenerate. If we are interested only in the 
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average value of the interaction energy, W, over 
ail the degenerate states, W may be expresseq in 
t as of the f values: 


fin= 3fi0 
= (2L+1)-\(2m/h*) Xo |X iw'.ou|?(Ej—Es), (46) 


where u and y’ are the magnetic quantum nym. 
bers of the initial and final states, respectively 
and L is the quantum number of the angular 
momentum. The expression derived by Londop? 
for W is 


Ff io*fio® 





2 8 m2 ik (Eo4 —E;4) (Ey® — Ex) (Eo4 —Ej44+ Ey? — E,®) 


The corresponding expression for Wa, as given 
by (39) differs from the above in that the last 
factor in the denominator (Eo4 — E;4+ Eo? — E;?) 
is replaced by (Eo?—£E,*). For Wes the factor 
is (E,y4—E;4). By making use of the static 
polarizabilities, ~ 


a, = (e*h?/m) > fin’ (Eo —E*)?, 


azg= (e*h/m) 2 fro? (Eo? — E;,*)?, 


(48) 


and the definition of the f values, Wa and Wz 
may be expressed in the form 


Wa=—(€/1°)(Ra*) were, 
Wa = — (e*/r*)(Ra*) wera, 


(49) 


in which 


(R*) w= (2L+1) 7D {(X*)on + (CY?) ou + (Z*) ou}. (50) 


It is, of course, possible to obtain W,4 and Wz 
without making use of the second-order pertur- 
bation theory. Suppose that the electrons of A 
are in some fixed positions. They will produce a 
field which will polarize molecule B. The field 
produced by B will in turn react on A. If the 
corresponding interaction energy is averaged over 
the positions of the electrons of A, and also over 
the degenerate states, Eq. (49) for Wa is obtained. 
The approximate value obtained for W is 


W~ W.Ws/(Wat Wa) 
(Ra?) (Re?) wae 


e? 
= --| . (51) 
- (Ra?) wast (Rg*) wa 





(47) 





If there is but one term in (48) with an energy 
difference A, we may write 


(R*) y= 3ad/2e? (52) 
and 


W~ —(3/2r*)(AsApass/(Aa+Az)). (53) 


This formula, derived in a different way,® has 
been used to get an estimate of the van der Waals 
energy. The A’s are often taken equal to the 
ionization potentials. 

The expressions (51) and (53) give the correct 
values for the interaction between two harmonic 
oscillators. The van der Waals energy between 
two hydrogen atoms has been computed very 
exactly by means of a variational method,® with 
the result 


W = —6.499(a/r)®(e?/ao), (54) 


where dy is the Bohr orbit radius. This providesa 
further check on the accuracy of the approximate 
formula (51). For hydrogen, 
(R?) = 3a,? 
a= 9a,*/2, 


so that 

W~ —6.75(ao/r)*(e?/ao), (35) 
a result which is not very far from the exact 
value. 


7 F. London, Zeits. f. physik. Chemie B11, 222 (1930). 
® This formula was originally derived by London. @ 


reference 6, Eq. C(10). 
*L. Pauling and G. Y. Beach, Phys. Rev. 47, 686 (1939. 
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Vy. VAN DER WAALS FoRCE BETWEEN A MOLE- 
CULE AND A METALLIC SURFACE 


The method of Part III may be applied to the 
calculation of the van der Waals interaction 
between a molecule and a metallic surface. For 
simplicity we assume that there is but one 
electron in the molecule which contributes to the 
interaction, and that the wave function of this 
electron has spherical symmetry. It will later be 
easy to see how the result should be modified for 
the general case. 

The origin of coordinates is taken at the center 
of the molecule, with the z axis perpendicular to 
the metallic surface, and D is the distance from 
the molecule to the surface. The coordinates of 
the electrons in the metal are again denoted by 
yy Y2"**yw, and those of the electron in the 
molecule by x= (x, y, 2). The positive charges in 
the metal are represented by a charge density 
p(y’). The interaction potential, V, is then: 


V=eD— ie —pxly'dr’. (56) 


i yi 
If it is assumed that the electron in the mole- 
cule is in some fixed position, the energy may be 
calculated by the image method. 


v(x) = —/4D+e/(x?-+-y*+(+-2D)*) 
—e/4(z+D) 


= —¢(x?+-y?+ 22?) /16D?+0(D-). (57) 


To get the van der Waals energy, we must 
average over all positions of the electron. Since 
(x°)0= (y?) aw = (2?) w= 3 (7?) mw, we find’? 


Wa= —e?(r*)y/12D3. (58) 


The error involved in the application of the 
image method may be estimated in the same way 
as was done in Part II. According to Eq. (17), it is 


(1#/2m) > |(grad V)x0|?/(Eo— Ex)? 


= (h?/2m)(Si?/S2), (59) 


where the matrix element is taken with respect to 
the metallic wave functions, and the sum is over 
all the stationary states of the metallic electrons. 
The gradient is taken with respect to the coordi- 
nates of the external electron. Since grad V is the 


Cf. reference 2. 
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same for the van der Waals case as it is for the 
case of a free electron external to the metal, the 
error involved is the same. According to Eq. (29) 
it is 

(h?/2m)(r,/2CD*), (60) 
which, in many cases, may be as large or larger 
than the energy (58). Thus the image method 
cannot be used to calculate the van der Waals 
energy unless (60) is small compared with (58). 
The image method gives correct results in the 
limit of high electron densities in the metal 
(small r,). 

A more exact expression for the energy may be 
obtained by use of the method of Part III. We 
have already obtained W,; we need further the 
energy Wz. The electrons in the metal are 
assumed to be in some fixed positions. These 
give rise to an electric field outside of the surface. 
The field vanishes only when averaged over all 
positions of the electrons in the metal. To obtain 
Ws, we compute the energy of the molecule in 
this field, and then average the result over the 
metallic wave function. 

Since the interaction potential (56) is linear in 
the coordinates of the electron in the molecule, it 
may be expressed in the form 


V=x-grad V, (61) 


with grad V independent of x: 


grad Vee Lf T yae! (62) 


‘ ye 
The change in the energy of the molecule due to 
this perturbation potential is 


(v1, °** yw) =D] (egrad V)o|?/(Ext—E/A). (63) 


The sum is over all states of the molecule. 
Replacing the energy denominator by a suitable 
average, we have: 


e(¥1, *** Yw) = ~ 2 (z-grad V)j0|?/Ma 
= ~te grad V)o?/Aa 
= —(grad V)*(r*)m/344 (64) 


with A4=(Ej;4—Eo“*)s. The last expression re- 
sults from the assumption that the wave function 
for the electron in its lowest state is spherically 
symmetrical. The energy ¢ may also be expressed 
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in terms of the polarizability of the molecule, aa. 
(65) 


The van der Waals energy Ws, is obtained by 
averaging ¢(y1, -** yy) over the wave function for 
the metal. 


We | - ; » f votein +++ yv)Podry: + +dry 


adie (7?) wS2/3A. ’ 


e(¥1, *** Yw) = —a@a(grad V)?/2e?. 


(66) 
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where S: is the same integral as that discusseq i. 
Part II. 


S:= f vee f Yo*(grad V)*Yodr1- - «dry, (67) 


This integral may be evaluated in a Straight. 
forward way. Substituting the expression for 
grad V from Eq. (62), we find 


7 


y 
P+ (Yes (y)dr'dr” dr:+-dry, (68) 


/ 
y . 
yy’ 





p(1, 2) = f ve f Yo" odes: + -drw (69) 


be the probability density of a given electron at y; and another given electron at ye, and let 


pt)= f ott, 2)dr2 (70) 


be the probability density for electron (1). The density of electrons is Np(1). With this notation, ye 


may write (68) in the form: 





S= AN f ytptyan—e f f=, wep(1yo(2)—NW— 1), 2) }dridr2 


yi 23 


The last term vanishes because it is proportional 
to the square of the field strength due to the 
metal at a point outside of the surface of the 
metal. 

In order to simplify the above, we may express 
p(1, 2) in the form 


p(1, 2)=(N/(N—1))e(1)(2)(1—g(1, 2)). 


If there were no interaction between the electrons 
p(1, 2) would be equal to the product p(1) (2). 
Due to their mutual repulsion, the electrons will 
tend to have a more or less uniform space charge. 
Thus if an electron is known to be at y;, the 
probability that another electron is close to y; is 
small. There is a hole in the charge distribution 
about a given electron which is of just sufficient 
size to accommodate one electron. This hole is 
represented by the function g(1, 2), which be- 
comes small when the distance lyi—yel is large. 


(72) 





yi ; 
—(Np(1) — py(1))dry . (il) 


+e 
yr 





It is probable that g(1, 2) drops off exponentially 
with the distance. The field produced by a given 
electron is shielded by the neighboring electrons 
in such a way that at large distances the field ha 
an exponential decrease. The factor (N/(N-1)) 
indicates that the probability of finding th 
second electron at a large distance from the first 
is slightly greater than would be expected from 
the separate probability densities. If the probe 
bility of finding the second electron at clox 
distances from the first is less than normal, th 
probability of finding it at large distances’ 
greater than normal. 

If it is assumed that the electrons obey Ferm: 
Dirac statistics, but are otherwise free, ité 
found that p(1, 2) is of the form (72). The fun 
tion g(1, 2) for this case has been evaluated 
Wigner and Seitz." At large distances of sep 


1 E, Wigner and F. Seitz, Phys. Rev. 46, 509 (1934). 
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Fic. 1. Plot of the ‘‘hole” in the charge distribution 
about a given electron. (a) The exchange hole for electrons 
of parallel spin. (b) Assumed curve, taking into account 
the mutual repulsion of the electrons (after Slater, Rev. 
Mod. Phys. 6, 209 (1934)). 


ration it decreases inversely with the fourth 
power of the distance between the electrons. For 
the reasons given in the preceding paragraph, it 
is probable that if. the Coulomb repulsion be- 
tween the electrons had been taken into account, 
it would be found that the decrease is actually 


exponential. 
If we substitute (72) into (70), we find that 


Nf o(2)et, 2)dr2=1 (73) 


for all 1. 
After some simplification, the following ex- 


pression is obtained for S:: 


=4AN? f f “-=) 
yi* 2" 


X p(1)p(2)g(1, 2)dridrz. (74) 


The equivalence of (74) and (71) follows from 
(73) and the fact that g(1, 2) is a symmetric 
function of its variables. 

The integral (74) will now be evaluated for a 
model which should be approximately valid for 
the monovalent metals. It is assumed that the 
density of electrons is uniform, and that g(1, 2) 
depends only on the distance 1y,—-ye1. Since g(1, 
2) is large only when 1yi—vel is small (of the 
order of atomic dimensions) we may write 


Yitn 1 3(m-y;) 
Baral 


v3 yt 


|. as 
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in which n=y2—y;. Thus, to the order 7’, 


yi ye\? 
(=-= = (n?y2+3(n- yi)?)/y8. 
_— = 


(76) 


The average value of 3(n-y,)? over all directions 
of the vector n is n*y,*. By inserting the above 
values into Eq. (74) we find 


n 
S= ene f —g(n)dridr,. 
ni’ 


(77) 


No f we(n)dry=Cre (78) 
in which r, is the radius of a sphere whose 
volume is equal to the volume occupied per 
electron (Np=3/4zr,*) and C is a dimensionless 
constant of the order of magnitude unity. 

In order to evaluate the integral (78), it is 
necessary to make some assumption about the 
function g(n), as no exact calculation of g(n) 
which takes into account the mutual repulsion of 
the electrons has been given. For the case of free 
electrons obeying Fermi-Dirac statistics," 


g(n) = (9/2)(sin ££ cos £)?/E°, (79) 


where 
£= (99/4)4(n/r,) =1.92n/r,. 


A plot of this function is given in Fig. 1. If the 
expression (79) is inserted into (78), it is found 
that the integral diverges. The true function will 
decrease much more rapidly for large y in such a 
way as to insure convergence. A possible function 
is shown schematically in Fig. 1. This function 
decreases so rapidly that the contribution to the 
integral for values of » greater than ~2.5 rf, is 
negligible. A numerical evaluation of the integral 
using this function gives C=2.6. Actually, the 
shape of the curve will depend on the density of 
electrons and thus on r,, so that C will depend on 
r,, for ordinary electron densities, the order of 
magnitude of C will probably not be far from the 
value given above. 

Making use of (78), we find that (77) reduces 
to: 

dry 3C ” wa r,dr\dz, 
a ae pd 
vit Arr, D 0 (r;?-+2,7)8 
#In order that this integral converge, it is necessary 


that g(n) decrease more rapidly than the inverse fourth 
power of » when 7 is large. 
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The integration is elementary, and gives 
S:= Ce*/8r,D?. (80) 
Returning to Eq. (66), we find that 


Wa =—(1*)wCet/24r,AaD* 
= —(Ce*/2r,As)Wa, (81) 


where W, is the image value as given by (58). 
For the case of a general molecule, (r*),, should be 
replaced by (R*), as defined by Eq. (50). In 
terms of the polarizability of the molecule, aa, 
We is 

Ws = Ca,e?/16r,D*. (82) 


The approximation (44) gives finally 


wWw~ Wa Ws,/ ( Wa + Ws) 
Ce?/ 2r.A4 


= —(¢(r?),,/12D3) - 
1+Ce?/2r,A, 








(83) 


W will be smaller than the image value if A, jg 
large or if r, is large. 

For ordinary electron densities in the metal, 
and with A, equal to about one Rydberg unit 
(13.5 ev), the factor Ce?/2r,A4 is about unity, so 
that W is about one-half of the image value Wa. 
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The standard theoretical treatment of magnetization 
at high fields leads to a formula J=J,—b/H"; experi- 
mentally, a term —a/H is also found. In the standard 
treatment it is assumed that the internal forces responsible 
for the incompleteness of saturation are approximately 
uniform over distances containing a very large number of 
atoms. If these forces vary rapidly over shorter distances, 
the interatomic coupling forces prevent the direction of 
microscopic magnetization from varying with equal 
rapidity, and the 1/H? law no longer follows. It is shown 


§1. INTRODUCTION 


T fields much larger than the coercive force, 
a ferromagnetic material behaves almost 
reversibly. The theoretical calculation of this 
part of the magnetization curve is therefore 
comparatively simple. The conventional treat- 
ment leads, at sufficiently high fields, to a 
formula! 
J=J,—b/H’, (1) 


where H is the magnetic field, J is the mag- 
netization, J, is the ‘‘spontaneous” magnetization 
predicted by the Weiss-Heisenberg theory at the 
temperature in question, and 0 is a constant. In 


1F, Bitter, Introduction to Ferromagnetism (McGraw- 
Hill, 1937), p. 222. 


here that for H>>41J,, point, line, and plane concentrations 
of force lead to laws of the form J=J,—a/H™*, with 
n=1, 2, and 3, respectively. For HK4rJ, the law is of 
the same form, but with different apparent values of J, 
and a. For H=4xrJ, the behavior is more complicated, 
The conclusion that the observed a/H term is due to line 
concentrations of force is supported by the dependence of 
a on degree of plastic strain, since the mechanism of 
plastic flow is believed to be a propagation of dislocation 
lines through the lattice. 


deriving this formula it is assumed that the 
material is magnetized to a value J, at each point 
but that the direction of the magnetization varies 
from one region to another. This is illustrated 
very crudely in the upper part of Fig. 1. A soft 
specimen is assumed to consist of unstrained 
crystals, a hard specimen of regions each under 
approximately uniform internal stress. Forces 


- due to crystalline anisotropy or to the distortion 


of the lattice tend to pull the magnetization 
vector into certain directions, represented by the 
dotted arrows; these directions are related to the 
principal axes of the crystal or of the system 
of internal stresses. As the field is increased, it 
overcomes these forces and pulls the magnetiza- 
tion vector toward the field direction. 
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Experimentally it is found that Eq. (1) does 
not describe the results accurately. They can, 
however, be fitted to an empirical formula? 


J=J,—a/H—b/H’+cH. (2) 


The value required for 6 is in satisfactory agree- 
ment with the theoretical value in Eq. (1). The 
origin of the term in H is at least partially 
understood, although the theoretical ¢ is too 
small. The present investigation was undertaken 
in the hope of discovering a mechanism that 
could explain the 1/H term. 

The derivations of this term offered previously 
have usually been based on a statistical theory of 
one kind or another.’ Near saturation the sta- 
tistical theory may be put into a very simple 
form. Because of internal forces that interfere 
with perfect saturation, the magnetization direc- 
tion deviates from the field direction by a small 
angle a that varies irregularly from point to 
point. This increases the energy of the specimen 
in the field, —HJ, cos a for unit volume, by an 
amount whose mean value per unit volume is 
—HJ,[ (cos «)w—-1]=3HJ,(a*)y. If it is now 
assumed that the internal forces are able to 


increase this mean energy density by an amount. 


¢ independent of the field, then the resulting 
magnetization is J=J,(cos a)w=J,[1—}(a*)» | 
=J,(1—e/HJ,). This is of the required form ; but 
the assumption made is not easy to defend. The 
complete version of the theory is equally unsatis- 
factory in this respect ; yet it leads to a relation 
between ¢ and the initial susceptibility which is in 
fair agreement with experiment, and which has 
still not been derived by any other method. 

In the derivation of Eq. (1) two facts have 
been ignored, both of which will be taken into 
account in the analysis to follow. First, if the 
magnetization direction varies from point to 
point, the magnetization vector will in general 
have a nonvanishing divergence; that is, there 


*H. Polley, Ann. d. Physik 36, 625 (1939); A. R. 
Kaufmann, Phys. Rev. 57, 1089(A) (1940). 

+ For a summary see W. F. Brown, Phys. Rev. 54, 279 
(1938) and 55, 568 (1939). The theory has been extended 
by M. Takagi, Sci. Rep. Tohoku Imp. Univ. [1] 28, 20 
and 85 (1939), and R. Kimura, Proc. Phys.-Math. Soc. 
Japan 22, 219 and 233 (1940). F. Bitter, Phys. Rev. 37, 


91 (1931), attributed the 1/H term to ae pee agita- 
oO 


tion of blocks of atoms. The insensitivit a to tempera- 
ture change (Polley, reference 2) is difficult to reconcile 
with this view. See also P. Weiss, Ann. de physique 12, 
279 (1929), especially pp. 286-287. 
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Fic. 1. Contrast between two extremes in the mode of 
spatial variation of the internal forces that prevent perfect 
saturation. Above, forces that behave in accordance with 
the conventional theory: whether due to crystalline 
anisotropy or to distortion of the lattice, they are assumed 
to be approximately uniform over fairly large regions, so 
that large groups of atoms behave as units. Below, force 
acting on a single atom (left) or concentrated within a 
small region (right): interatomic coupling forces spread 
the disturbance out over a distance of order of mag- 
nitude d. 


will be a Poisson magnetic charge density, and 
this will produce a non-uniform magnetic field. 
In the theory, H is assumed uniform. Second and 
more important, the internal forces, instead of 
being approximately uniform over fairly large 
distances, may conceivably undergo rapid vari- 
ations over distances of a few lattice spacings. 
Then it becomes necessary to take account of the 
coupling forces between the magnetic moments 
of neighboring atoms—the “exchange” forces 
responsible for the spontaneous magnetization 
itself. These tend to aline successive atoms with 
their moments as nearly as possible parallel. 
Thus suppose, as an extreme case, that a force 
acts on a single atom and produces a deviation of 
its magnetic moment from the field direction. 
Because of the coupling forces, other atoms as 
well will have their moments pulled out of the 
field direction, as illustrated in the lower left 
part of Fig. 1. The disturbance dies down to 1/e 
of its original value in some distance d. In the 
simplest cases this distance turns out to be 
inversely proportional to 4/H; for nickel it is 
about 10-*/,/H cm, which at 100 oersteds is 
about 500 lattice spacings. Stress (or other) 
variations over distances much shorter than this 
will be too fast for the magnetization to follow. 
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at the lower right in Fig. 1. 
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Wu= -{ HJ, cos ady 
"1 








arbitrary function of y 





Thus a lattice distortion concentrated in a small 
region will produce a deviation from perfect 
saturation over a much larger region, as shown 


§2. ILLUSTRATIVE CASE 


The nature of the problem and the methods 
available for solving it may be illustrated by 
considering first a simple one-dimensional case, 
pictured at the left in Fig. 2. The field acts along 
the z axis, the deviating forces tend to rotate the 
magnetization vector toward the x axis, and these 
forces are supposed to vary only in the y direc- 
tion. Therefore the small angle of deviation a 
also varies only with y. The divergence of the 
magnetization vanishes and H is uniform, so that 
there are no long distance magnetic effects to 
complicate the problem; but the effect of 
the interatomic coupling forces must still be 


In the conventional theory these coupling 
forces are neglected, and the magnetization 
vector at each point is assumed to be in equilib- 
rium under the joint action of the field H and of 
the deviating force. a may be found as a function 
of y by minimizing the free energy W of a 
portion of the specimen of unit cross section, 
extending along the y axis from one bounding 
surface at y: to the other bounding surface at ye. 
W consists of the energy in the field, 


v2 
=H. a’dy+const., (3) 
"1 


and the free energy W, due to anisotropy, 
stresses, or other internal forces. For small a, the 
volume density of W, may be assumed to vary 
linearly with a and may be written ga+const., 
where g is a function of y; thus 


¥2 
W, -{ gady+const. 
"1 


If Wxt+W, is to be a minimum, then for da an 


ve 
f [HJ,a+g liady=0, 
"1 
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Fic. 2. Simple one-dimensional case illustrating the 
effects of uniform and of concentrated forces. Forces f ypj. 
form in xz planes tend to rotate the magnetization vector 
from the field direction z toward the direction x. The forces 
and the resulting deviation angle a are functions of y, [p 
the conventional theory the forces f are assumed to be 
approximately uniform over distances containing man 
atoms, and the coupling forces between adjacent atoms 
are neglected. If the forces f are concentrated in small y 
intervals as shown at the right, the interatomic forces 
must not be neglected. 


whence HJ,a+g=0, or a=—g/HJ,, o=gi/ 
H?J,?, and 


J =J[1—3(a?)wJ=JsL1—3(8?)m/H*J,*], (6) 


which is of the form (1). 

This treatment must now be modified by 
taking account of the interatomic coupling forces, 
The coupling energy of a pair of neighboring 
atoms, whose magnetic moments are at an angle 
¢ to each other, may be written —}3J cos ¢, where 
I is a constant whose order of magnitude may be 
estimated by multiplying Boltzmann’s constant 
by the Curie temperature ; this classical approxi- 
mation has proved adequate in the treatment of 
similar problems at low fields.‘ If for simplicity 
the lattice is assumed to be simple cubic with 
interatomic distance a» and to have a cube edge 
along the y axis, then ¢=doda/dy, cos ¢=1—}¢ 
= 1—4a,?(da/dy)*, and the effect of a varying a 
is an increase of the mutual energy of suc- 
cessive atoms along the y axis by an amount 
1]Ja?(da/dy)?. The total addition to the free 
energy of the portion of the specimen under 
consideration is 


We=30f (da/dy)*dy, (7) 


where C=I/2ao. To the left member of Eq. (5) 


‘For an elementary treatment and for references see 
W. F. Brown, J. App. Phys. 11, 160 (1940). 
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must now be added a term 
y¥2 
C f (da/dy)(déa/dy)dy 
vl 


=C(da/dy) ba 





v2 v2 
ee f (d*a/dy*)dady. (Sa) 
vi wv 


The left member of (5) with (Sa) added must 
vanish for 6a an arbitrary function of y. This 
leads to the differential equation 


— Cd@’?a/dy’+HJ a+g=0 (8) 


and the boundary conditions 


da/dy=0 at y=y1 andat y=ye2. (9) 
Equation (8) may be written 
da/dy*—na=f (10) 
with 
n=HJ,/C, f=g/C. (11) 


This reduces to the previous result if f is 
assumed to vary only slowly; for then a@ also 
varies only slowly, and the term d?a/dy? in (10) is 
negligible. The other extreme is the plane concen- 
tration of force sketched at the right in Fig. 2. 
Here f vanishes everywhere except in a very thin 
section parallel to the zx plane, where it attains 
large values so that its integral across this y 
interval is a finite quantity F. If this section is 
located at y=0, integration of (10) across it 
gives for the discontinuity at y=0 


(da/dy)|_+=F; (12) 


for y#0, f may be set equal to zero in (10). 
For an infinite specimen the solution is 


a= —(F/2d)e'', (13) 
where 
h=V/n=(HJ,/C)!. (14) 


The decay distance d=1/X is of the order of 
magnitude already stated and is very small 
compared with the dimensions of ordinary speci- 
mens or their constituent crystals. These may 
therefore be considered infinite without intro- 
ducing appreciable error, as may be verified by 
solving the problem rigorously with proper 
attention to the boundary conditions. If the 
actual length of the specimen in the y direction is 
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l, the mean value of a? is 


(2) = (1/1) f atdy 


= (F?/4n2I) f e~*rAluldy= F?/4n4J, (15) 


When there are a number of such plane sources 
of disturbance, N per cm along the y axis, with 
F-values F;, the corresponding a-values a; must 


be superposed. Then 
(a?)w=( (Lai)? w= (Lo Diaicr;)m 


=Lila*)wt Od (aia;)w. (16) 
i i ji 

If the F,’s are uncorrelated or if the mutual 

distances are >d, the second term may be neg- 


lected. Then 
J=J[1—}(a?)y J=J.[1—N(F?)s,/8A*]. (17) 


This gives an approach to saturation according 
to a 1/H} law, which has not been observed. 
Other types of force concentration must therefore 
be investigated; but first the simple one- 
dimensional case will be used to illustrate one 
further point. The explicit evaluation of a or its 
equivalent in terms of familiar functions, as in 
Eq. (13), is difficult or impossible in some of the 
more complicated cases. The final formula for 
(a’),, or its equivalent can be obtained in these 
cases by expressing the solution as a Fourier 
integral.» Thus for a plane concentration the 
right member of (10) may be written F8(y), 
where 6(y) is the “delta function,’ defined by 
5(y) =0 for y¥0and f8(y)dy=1 for any interval 
including y=0. The delta function may be 
expressed as a Fourier integral, 


a(y)=(1/2n) f cos pydp; (18) 


and the solution of (10) for a single sinusoidal 
component is easily obtained. Superposition of 
the results gives 


a(y)=(2n)-' ¥(p) cos pydp, (19) 


with 
¥(p) = — F- (24)-*(p?+d?2)-1. (20) 


®Cf. J. M. Burgers, Akad. v. wet. (Amsterdam) Proc. 
42, 378 (1939). 
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Although in the present case this result can be 
transformed into the simpler form (13), such a 
transformation is in general not possible and is 
fortunately not necessary for the evaluation of 
(a?)y. For by the reciprocity property of Fourier 
integrals,® 


v(p) = (2m)-9 f a(y) cos pydy, 


—sD 


(21) 


hence 


f “atdy=(2n)-! f : f “a(yW(p) cos pydpdy 


—x2 —o” —2 


= f vip (22) 


and the last integral is easily evaluated. This 
leads to the final result in (15) without use of (13). 


§3. GENERAL THEORY 


In the general case, let the applied field Hy be 
along the z axis, and let the direction cosines of 
the magnetization J be (a, 8, y). The magnetic 
energy consists of two parts. The first is the 
energy in the applied field, 

Wu= = Ho: Jar; (23) 
the region of integration is the volume 7 of the 
specimen. The second part is the mutual mag- 
netic energy of the atoms; the variation of this 
energy in a small change §J is 

Wu= fv V)- d8Jdr, (24) 
where V is the scalar potential of the field of the 
specimen. In 1, V satisfies Poisson’s equation 


V27V=4rV-J; (25) 
outside it is harmonic and regular at infinity; 


and on the boundary S, with outward normal 
n(d/dn=n-V, J,=n-J), 


Vin= out, 


(26) 
—(9V/dn) in+-40Jn= —(9V/dn) our. 


The energy due to anisotropy and stresses is the 
volume integral of some function w(x, y, z, a, B, 7) 


*R. Courant and D. Hilbert, Methoden der Mathe- 
matischen Physik 1, second edition (Springer, 1931), p. 68. 
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which may be supposed re-expressed in the form 
w(x, y, 2, a, B) by means of the relation a?+ gt 
+~7?=1. Thus 








W.= f w(x, y, &, a, B)dr. (27) 





Finally, the interatomic coupling energy js’ 





We=4C | [(va)*+(vB)* 
+ (V+)? ]dr+const., (28) 





with 





C=I/ao. 


The variation of Wy+Wu+ W.a+ We must be 
zero for arbitrary 5a and 68, with 


dy = — (ada+f68)/y. 


After the variation Wc has been freed of such 
factors as Véa by an integration by parts (by use 
of the divergence theorem), the coefficients of jg 
and 68 may be equated to zero in 7 and on S$. 
This gives in + | 


—CLVa—(a/y) Vy] 
+J,[0V/dx—(a/y)dV/dz] 
+HoJ.a/y+dw/da=0, (29) 


together with a similar equation in which 8 andy 
replace a and x; and on S, 


da/dn—(a/y)dy/dn 
= 0B/dn—(B/y)dy/dn=0. (30) 


If a and 8 are now assumed to be small, and 
only first-order terms are retained, these equa- 
tions become 


—CVa+J,(dV/dx — ad V/dz) 
+HoJ.a+g:=0, (31) 


da/dn=aB8/an=0. 


Here g:= (dw/da)ag-0; it has been assumed that 
0°w/da? and d°w/dadB are KH,J,. When Hy=»@, 
a= 8=0, and inside a specimen in the form of an 
ellipsoid V=WN’J,z, where N’ is the demag- 
netizing factor. The ellipsoidal shape will hence- 
forth be assumed; then for a@ and 8 small, 
V=N’J,2+ U, where U is small. Insertion of this 
expression in (31) and (25) and subtraction from 
(26) of its form for Ho= ~ lead to the following 


7L. Landau and E. Lifshitz, Physik. Zeits. Sowjetunion 
8, 153 (1935); W. C. Elmore, Phys. Rev. 53, 757 (1938). 
































ar 
qt 


The 
conc 
isolat 


(a) Pl 


sx pla 


Eqs. ( 


MAGNETIC SATURATION 


set of equations, determining the functions a, 8, 
and U and valid to the first order in these 


quantities: 
In 7, 


—CVat+J,dU/dx+HJ a+g:=0, 
—CV’8+J,0U/dy+HJB+22=0, 
VU=42J,(da/dx+0B/dy). 


Outside r, V7U =0. At infinity, U is regular. On S, 


da/dn = 0B8/dn=0, Vin = Vout, 
—(8U/dn) in t+4eJ.(nza+myB) = —(9U/dn)out. 


Here H=Hy—N’J, is (except for terms of order 
a?) the actual field, corrected for the demag- 
netizing effect; (mz, my, m,) are the direction 
cosines of the outward normal n. It may be shown 
by standard methods that the solution of these 
equations is unique and that, in particular, for 
gi=g2=0 everywhere the solution is a=8=0, 
U=0. 

As before, the specimen will be assumed 
infinite in calculating the effect of a single 
concentration of force; the order of magnitude of 
the resulting decay distances will justify this 
simplification. Then Eqs. (32) may be replaced by 


(33) 
(34) 
(35) 


(32) 


Va—du/dx—na=pfi, 
V8 —du/dy —nB=fe, 
Vu =h(da/dx+0B/dy), 


together with suitable conditions at infinity. 
Here 


u=UJ,/C, »n=HJ,/C, 


fi=ei/C, h=4nrJ2/C. (36) 


Given f; and fe as functions of (x, y, 2), the 
problem is to find a and 8; then 


J=J.[1—3 (a2) —3(B*)w J. 


The solution will now be carried out for forces 
concentrated in planes, along lines, and at 
isolated points. 


(37) 


(a) Plane concentrations of force: f:, f. constant in planes 
Case 1. Planes parallel to the field direction.—Take the 
sx plane as the constancy plane; then 0/dx=0/ds=0. 
Eqs. (33)-(35) become 
Pa/dy—na=fi, 
@8/dy—du/dy— 8 =f, 
Pu/dy =hdp/dy. 


(38) 
(39) 
(40) 
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a is determined by f;, and.8 independently by fs. Eq. (38) 
has been solved in §2. Integration of (40) gives du/dy 
= h8+const., and for finiteness of u at infinity the constant 
must vanish; thus (3¥) becomes identical in form with 
(38) except that is replaced by »+4, and in the final 
result \=4/ must be replaced by 


k=(9+h)t=((H+42J,)J./C}}. (41) 


Combining the two results gives, for an incoherent dis- 
tribution of such plane sources with density N per cm 
along y, 

J/Ja=1—(N/8)(( Fi?) / + (F?) a/R], (42) 


This contains a term in 1/H! and another term in 
1/(H+4xJ,)!. The quantity H+4xJ, may be identified 
with the induction B=H+4rJ, since the difference 
between J and J, is of no significance in a term that is 
itself of order a’. 

Case 2. Planes perpendicular to the field direction—In 
this case z replaces y as independent variable, and a and 
8 are each determined by an equation of the form (38); 
the result is (42) with & replaced by X. 

Case 3. Planes with normal at an angle 0, to the field 
direction.—Let the normal lie in the yz plane: then 6; = x/2 
is Case 1, and 6,=0 is Case 2. If s is distance measured 
along the normal, then 0/dx=0, 8/dy=sin 0,d/ds, 3/az 
=cos 6,d/ds. The substitutions u=’/sin 6;, h=h’/sin?® 6; 
reduce the equations to the form already solved in Case 1. 
The result is the same as (42) except that k is replaced by 


k’ = (d* cos? 0, +? sin® @,)!. (43) 


(b) Line concentrations of force: f:, f. constant along lines 

Case 1. Lines parallel to the field direction.—The equations 
to be solved are Eqs. (33)—(35) with /as=0. For a single 
line source, f;=0 except at, say, x=y=0, while /fidS, 
(dS,=dxdy) has a finite value F; for any region including 
the origin. Integration of (33) and (34) over such a region 
leads to conditions of the form 


J" (ea/ar\rdo—» F, as r—0; (44) 


in addition u, ra, and r8 must be finite at the origin. 
Here r and @ are polar céordinates in the xy plane. 

For f:=0, the two-dimensional vector v=ai+j is 
easily shown to satisfy the equations 


(V?—#)V-v=0, 
(V?—»)Vxv=0. 


(45) 
(46) 


Thus the magnetic charge density —V-J falls to 1/e of 
its original value in a distance 1/k determined by the 
induction B; the equivalent current density VX J has a 
decay distance 1/A determined by the field H. 

The solution of Eqs. (33)—-(35) and (44), derivation of 
which must be omitted but which may be verified by 
direct substitution, is 


U= Ui +2, 

v= —(1/9)Vui+(1/h)Vust+V XA, 
u, = — (h/2rk*r)(F, cos 6+ F; sin 6), 
té, = [(hK, (kr) /2xk]( F; cos 6+ F; sin 86), 
A,=(Ki(Ar)/2ed](F; sin 6— F; cos @), 
A,=A,=0. 


(47) 


(48) 














The evaluation of the integral S,(a*+*)y = /v*dS, may 
be carried out by making use of the properties of the 
modified Bessel functions K,.* The result for an incoherent 
aggregate of line sources, N of them per cm? of the xy 
plane, is 

J/Ja=1—(N/16m) (Fi?) + (Fs?) (1/2 +1/R*). (49) 
This contains a term in 1/H and an equal term in 1/B. 
For H>>4J,, both terms vary essentially as 1/H. For 
H<4nJ, the term in 1/B is practically constant, and the 
curve again follows a 1/H law, but with a coefficient only 
half as great and with a slightly smaller apparent saturation 
value. 


Case 2. Lines perpendicular to the field direction —Take 
the x axis as the direction of the lines. Then 
V2a —™ na =f, 
V28 —du/dy— 8 =fe, (50) 
V2u =hadBg/dy, 
with V?=8*/ay*+0*/dz*. The a and 8 equations separate. 
For a concentrated source a is given by 
a= —(F,/2r)Ko(ar), (51) 


and Sio2)m = f otdS, = F;?/4an’. (52) 


The value of (6*)4, may be found by the Fourier integral 
method. In this case 


fam Fab(y)8(2) =(Fi/4x*) {cos py cos gsdpdg, (53) 


and the solution for f2=(F2/42*) cos py cos gz may be 
found without difficulty. Superposition of the results gives 


B(y, s) = (1/2e) ff veo, q) cos py cos gzdpdg, (54) 
where 


V(p, g) = —(F2/2e)(P+¢)/MP+EP+VP+h¢e)], (55) 


and 
SB m= f fedyds= ff vdpda=F#/42rk; (56) 


the last integral is easily evaluated by transforming to 
polar coordinates in the pq plane. 
Combining the a and £ contributions gives 
J/J.=1—(N/8x)((F2)m/M+(F2)w/d], (57) 
with a term in 1/H and a term in 1/./(HB). The second 
term is equal to the first for H>>4xJ, and small for 


HKArJ;. 
Case 3. Lines at an angle 62 to the field direction.—This 


case is still more complicated than the last; the Fourier 
integral method leads to the result 
J 1 N(k”’ —k cos? 62) { (Fi?) av im (58) 
J, 8rd? sin? 6. | k” a 





where 

k’’ = (d? sin? 62+? cos* 92)}. (59) 
This reduces to (49) for 6.=0 and to (57) for 6.=2/2. 
The lines are perpendicular to the y axis. In this case 
and in the next, the delta-function is most conveniently 


® Gray, Mathews, and MacRobert, Treatise on Bessel 
Functions (Macmillan, 1922), Chapters 3 and 6. 
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written in the form 


(x) = (1/2) f * edo. (6) 


(c) Point concentrations of force 

Here F; is a volume integral over a region containing 
the point source. The general equations (33)—(35) must 
be used. For H>>4xJ,, u may be neglected, and 


a/F,=8/F,= —e™*/4arr, (61) 


where r is the distance from the source to the point at 
which a and £ are being evaluated. At lower fields the 
curl of v about the field direction has a decay distance 
1/A, but the equations determining « and V-v contain 
both decay distances. The Fourier integral method leads 
to the following result for an incoherent aggregate of point 
sources of number N per cm?: 


J N 1 1 i hi 
51-5 [Fat (FP) tytn Sh. (62) 


The quantity in braces reduces to 2/A for H>>4rJ, and 
to 1/A+const. for HK42J,, and thus gives a 1/H! law of 
approach to saturation in either case. 


Summary of theoretical conclusions 


At fields high enough to justify the neglect 
of magnetic interactions (H>47J,), point, line, 
and plane concentrations of force lead to laws of 
the form J/J,=1—a/H*”, with n=1, 2, 3, re 
spectively ; to these may be added the result of 
the conventional theory, »=4 for forces uniform 
throughout an extended volume. At much lower 
fields the power of H is the same as at high fields, 
but in most cases its coefficient is smaller and a 
constant term must be added. In the range 
H=4nrJ, there occurs a transition from one 
behavior to the other. 

When two or more of these types of force 
distribution are present and there is no corre 
lation between them, their contributions to J,-—J 
may be added, for the cross-product term in Eq. 
(16) is negligible. 

The solution for arbitrary one-, two-, or three-dimen- 
sional functions f; may be expressed formally as an integral 
of the plane, line, or point solution over the sources, but 
in most cases the resulting expressions will be too compli- 
cated to be of much value. 


§4. INTERPRETATION OF EXPERIMENTS 


The actual occurrence of a 1/H term suggests 
the presence of line concentrations of force. The 
precision of any data at present available is 
probably not sufficient to determine with cer 
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Fic. 3. Test of the hypothesis that the 1/H term in the 
magnetization curve is due to dislocation lines. Data 
plotted were taken by A. R. Kaufmann on a 42” length 
of annealed nickel wire 3” in diameter. Top curve, test of 
Taylor's theory of hardening, according to which the plastic 
strain and the square of the stress producing it are pro- 
portional to the density N of dislocation lines and therefore 
to each other. Lower curves, test of present theory of 
approach to saturation, according to which the coefficient 
a of the 1/H term should be Fae ay to N and there- 
fore to the plastic strain. The circles represent values 
with the torque still acting, the crosses after its release. 
Two successive stages in the propagation of a dislocation 
line through the lattice are shown schematically in (a) 
and (b), which represent cross sections perpendicular to 
the line. The atoms are represented by circles and the 
“dislocation” is indicated by an asterisk. The shearing 
stress acts as shown by the arrows; the lines joining the 
atoms are intended merely as an aid to the eye. 


tainty whether 1/H' and 1/H! terms are also 
present. 

The explanation of the 1/H term as due to line 
concentrations is borne out by Kaufmann’s 
measurements on nickel subjected to various 
degrees of plastic twist. He finds that the 
coefficient a in Eq. (2) increases with the plastic 
twist. Plastic flow is now explained as a propa- 
gation of “‘dislocation lines” through the lattice; 
(a) and (b) in Fig. 3 represent a cross section of 
such a dislocation line in two successive stages of 


the propagation.” According to Taylor’s theory 


* A. R. Kaufmann, reference 2. The writer is indebted to 
-. Kaufmann for providing him with the data analyzed 
ere. 

G.I. Taylor, Proc. Roy. Soc. A145, 362 (1934); J. M. 
Burgers, Proc. Phys. Soc. 52, 23 (1940). 
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of hardening, the application of a shearing stress 
greater than the initial yield value produces new 
dislocations, each of which is propagated a cer- 
tain distance and then stopped by a flaw; this 
continues until the stopped dislocations have 
become so numerous that their stress field, which 
opposes the applied stress, becomes large enough 
to counteract it completely and thus to create a 
stable condition with a new yield value. The 
plastic shear y is proportional to the number N of 
dislocations per cm? that have been produced, 
propagated, and stopped, and N is proportional 
to the square of the applied shearing stress. To 
what extent Kaufmann’s specimen follows this 
law is shown by the upper graph in Fig. 3; from 
the slope of the curve and from other data on the 
specimen it follows that N/y=1.4X10" dislo- 
cations per cm? per unit of plastic shear. The 
data used so far are purely mechanical. But if the 
dislocation lines are identical with the line 
concentrations of force responsible for the term 
—a/H in the magnetization curve, then a should 
be proportional to N and therefore to the plastic 
shear. The lower curves in Fig. 3 show that this is 
at least approximately true. From the slope and 
from magnetic data, the order of magnitude of 
N(F}*)«/v is found to be 2X10" c.g.s. units per 
unit of plastic shear. Combining the mechanical 
and magnetic results gives for the root mean 
square value of CF,, 2X10-* erg/cm. This is 
equal to {gidS, and may be set equal to g,a¢° in 
order of magnitude, whence g;=25 X 10° erg/cm*. 
But gi=dw/da=w; the figure 5X10° erg/cm’ 
therefore gives the order of magnitude of the 
free energy density associated with the forces 
that oppose saturation. It is interesting to com- 
pare it with the volume densities of anisotropy 
energy, Ki=5X10‘; dipole energy, 32#J/,2=5 
X 10°; magnetostrictive energy for a strain =1, 
\.H=8 X10’; and exchange energy, J/ao°=210"." 
The last alone is of a comparable order of 
magnitude. Is it the breaking up of exchange 
forces at a dislocation that causes the deviation 
from saturation? 


"' K,=anisotropy constant, A..=saturation magneto- 
striction, E= Young’s modulus; values of these and the 
other quantities may be found in the books listed in the 
bibliography of reference 4. 
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PHYSICAL REVIEW 


The Location of Hysteresis Phenomena in Rochelle Salt Crystals 
W. P. Mason 





Bell Telephone Laboratories, New York, New York 


Measurements of the elastic properties of an unplated 
crystal, the piezoelectric constant fis, and the clamped 
dielectric constant of a Rochelle salt crystal show that 
practically ail hysteresis and dissipation effects are asso- 
ciated with the clamped dielectric properties of the crystal. 
A theoretical formulation of the equations of a piezoelectric 
crystal has been made which takes account of the dissipa- 
tion effects. The formulation is given for the polarization 
theory. The frequency variation of the clamped dielectric 
constant when interpreted by Debye’s theory of dielec- 
trics, modified to take account of hysteresis losses, indi- 
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cates that there are two components, one of which has 
associated with it at high viscous resistance, whereas the 
other one does not. The nonviscous component hag q 
dielectric constant of about 100 at 0°C and is probably 
due to the displacement of the ions in the lattice structure 
The viscous component has a dielectric constant of about 
140 at 0°C and is probably due to the dipoles of the 
Rochelle salt. Both components have higher dielectric 
constants and hysteresis between the Curie points jndj. 
cating a cooperative action of the molecules for both 
components in this temperature region. 








I. INTRODUCTION 


T has been pointed out in several recent 
papers'** that the large changes, with tem- 
perature, of the dielectric constant, the elastic 
constant, and the piezoelectric constant di, of a 
fully plated Rochelle salt crystal are due, funda- 
mentally, to the variation of the clamped dielec- 
tric constant of thé crystal with temperature. It 
is the purpose of the present paper to show that 
the large dissipation associated with the motion 
of a Rochelle salt crystal is also due practically 
entirely to the hysteresis and viscous resistance 
associated with the elements contributing to the 
clamped dielectric constant and is not associated 
with the elastic motion of the lattice elements of 
the crystal or with the piezoelectric constant fis 
which determines the ratio between mechanical 
force applied to the crystal lattice and the 
electrical polarization of the crystal. 

At low frequencies the principal effect of 
dissipation is to produce large hysteresis loops in 
the charge-potential curve as shown by Fig. 1, 
taken from a paper by Mueller.* When the 
crystal is prevented from moving by applying an 
external force to it, the magnitude of the 
dielectric constant and hence the charge through 
the crystal becomes less as shown by Fig. 1. This 
follows from the fact that, as the motion of the 
lattice is inhibited, the additive ~ polarization 


1W. P. Mason, Phys. Rev. 55, 775 (1939). 
( 940) N. Holden and W. P. Mason, Phys. Rev. 57, 54 
1 . 
2H. Mueller, Phys. Rev. 57, 829 (1940). 
4H. Mueller, Phys. Rev. 47, 175 (1935). 
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produced by this motion is eliminated and hence 
the charge does not rise to so high a valye. 
Cutting down the additive polarization also cuts 
down the size of the hysteresis loop. 

When the impedance of a vibrating crystal js 
measured near its resonant region, the effect of 
the dissipation is shown by the finite value of the 
resistance at the resonant frequency of the 
crystal. In a former paper, the resonant and 
antiresonant frequencies of a 45° X-cut crystal 
having the dimensions, length = 2.014 cm; width 
= 0.418 cm; thickness = 0.104 cm were measured 
as a function of the temperature and were 
plotted on Fig. 1 of that paper. At the same time 
the resistance at resonance was measured. The 
complete data are given in Table I. 


II. LocATION OF HYSTERESIS EFFECT 


The source of the large dissipation in X-cut 
Rochelle salt crystals, might conceivably lie ina 
mechanical hysteresis of the motion of the crystal 
lattice, in a hysteresis or lag in the piezoelectric 
constant, or in the clamped dielectric constant. 
In order to determine which source was causing 
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Fic. 1. The change of the hysteresis curve of Rochelle 
salt with pressure (¢=0°). (1) free crystal, (2) pressure 
1 kg/cm? on both sides, (3) pressure 7 kg/cm? on both 
sides. Maximum field 2 kv/cm. 
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HYSTERESIS 


the hysteresis effect, measurements were made of 
each of the properties of the crystal separately. 
To measure the mechanical properties separately 
it is necessary to measure the elastic properties of 
a bare crystal without plating since, as shown in 
two former papers,’* in an unplated crystal the 
piezoelectric properties are eliminated. The 
elastic constant of a 45° X-cut crystal was 
measured and shown in the data of Table I, fu, 
by measuring such a crystal between widely 
spaced electrodes. It was desired however, to 
measure the dissipation also and this is difficult 
by this method. The method used here was to 
glue an approximately half-wave-length unplated 
Rochelle salt crystal to a half-wave-length quartz 
crystal and measure the change in resonance 
frequency and measured resistance of the quartz 
crystal caused by the added Rochelle salt crystal. 
This method used originally by Quimby and 
Balamuth® has been used widely to measure the 
elastic constants and internal dissipation of many 
metals. The frequency constant is measured by 
the change in frequency of the quartz crystal, 


TABLE I. Resonant and antiresonant frequencies of a 45° 
X-cut crystal. In this table fp ts the resonant frequency and fa 
the antiresonant frequency of the fully plated crystal, fy the 
frequency of the same crystal per cm without plating and Re 
the electrical resistance of the crystal at the resonant frequency. 
The fifth column shows the coefficient of electromechanical 
coupling as defined previously or in this paper, while the 
sixth column shows the ratio q of reactance to resistance of 
the motional impedance of the crystal. This is found by 
taking the reactance of the coil of the equivalent circuit of 
the crystal shown on Fig. 2, and dividing by the measured 
resistance. 
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*L. A. Balamuth, Phys. Rev. 45, 715 (1934). 
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while the internal resistance is measured by the 
change in resistance of the crystal at the resonant 
frequency. Then, knowing the density of the 
specimen measured, all the elastic properties can 
be determined. As shown by Eqs. (47) of the next 
section, the impedance of such a specimen near 
its half-wave-length frequency can be regarded as 


$Y» t00— 
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Fic. 2. Equivalent electrical circuit of longitudinally 
vibrating crystal. Co and Ro are capacitance and resistance 
associated with the longitudinally clamped dielectric con- 
stant. C, R; and L; are the capacitance, resistance and 
inductance associated with the motional properties of the 
crystal. 











equivalent to that of a series resistance, mass, and 
compliance, and the internal dissipation can best 
be expressed as a ratio g of the reactance of one 
of these elements at the resonant frequency to the 
resistance at resonance. Figure 3 shows a meas- 
urement of the frequency constant fy and the g 
of an X-cut crystal with its length 45° from the 
Y and Z axes, having the dimensions L = 2.015 
cm; W=0.4 cm; T=0.1 cm. The values of fy 
agree well with those given on Table I. The g of 
the crystal is high outside the Curie region except 
above 40°C when the crystal is approaching its 
melting point. Inside the limits of the Curie 
points, the g is appreciably lower. 

If the piezoelectric stress is proportional to the 
polarization it has been shown by Mueller,’ that 
the elastic constant of a bare or unplated crystal 
depends somewhat on the piezoelectric constant 
and the dielectric properties of the crystal. The 
question arises whether the measured lowering of 
the g and frequency constant between the Curie 
points, where the piezoelectric effect is high, can 
be due to this interaction. The question is con- 
sidered theoretically in the next section, and it is 
there shown that the theoretical change in the 
complex elastic constant is much too small to 
account for the measured results. We conclude, 
therefore, that between the two Curie points a 
small but definite change takes place in the 
elastic constants of the crystal.® 

* This change in the complex elastic constant is probably 
related to the spontaneous deformation observed by 
Mueller.? This would cause a slight change in the lattice 


spacings and hence a slight change in the elastic constant 
between the Curie points. 
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Fic. 3. Measurement of the frequency constant and the 
ratio q of reactance to resistance for mechanical motion 
of an unplated 45° X-cut Rochelle salt crystal. 


It can be shown theoretically that, if all other 
sources of dissipation are small compared to the 
elastic dissipation, the electrical g of a crystal as 
shown on Table I will be equal to the mechanical 
g as measured on Fig. 3. The fact that the 
electrical g is much lower, shows that mechanical 
hysteresis plays a negligible part in the hysteresis 
loops observed for low frequency measurements, 
or the low electrical g’s measured on Table I. 

We next consider the possibility of hysteresis 
effects in the piezoelectric stress-polarization 
relationships. This requires measuring directly 
the piezoelectric constant fi, which relates 
piezoelectric stress to the polarization in the 
absence of a strain in the crystal, or the voltage 
generated in the crystal by a given strain in the 
absence of a charge on the surface. The latter 
proportionality is the easier to measure for it can 
be measured by comparing the open circuit 
voltage generated by a 45° X-cut Rochelle salt 
crystal with the open circuit voltage generated for 
a quartz crystal when both are subject to known 
relative strains. The experimental method of 
accomplishing this is shown on Fig. 4. We have a 
long longitudinally vibrating quartz crystal, with 
the plating divided into two parts, as shown on 
Fig. 4, glued to a 45° X-cut Rochelle salt crystal 
with a small amount of plating at its center. The 
first pair of plates are attached to an oscillator 
which drives the crystal at the frequency of its 
second harmonic vibration. The length of the 
Rochelle salt crystal is adjusted so that it is halfa 

wave-length at the second harmonic resonant 
frequency of the crystal. The voltage gathering 
electrodes cover only a small part of the quartz or 
Rochelle salt crystals and are located at a node 
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of the motion where the strain is a maximum and 
is uniform for some distance on either side of the 
node since it follows a cosine law. The Voltages 
generated by each crystal are connected alter, 
nately to a very high impedance detector and 
compared in magnitude. Since the glued joint 
between the Rochelle salt and the quartz Comes 
at a loop in the motion very little strain is placg 
on it and hence the displacement of the glug 
quartz edge is the same as that for the glug 
Rochelle salt edge. Since the length of the sectiog 
of the quartz bar used for pick-up is somewhg 
longer than that of the Rochelle salt bar, jt 
evident that the Rochelle salt bar will be some. 
what more strained than the quartz bar. It canbe 
shown theoretically that the strain at the center 
of the two bars are opposite in sign and equal, 
respectively, to the ratio 


Vyp/Vyq= — V,/ Ve= — 509/420= = 1.212 (1) 


for the quartz and Rochelle salt cuts used, wher 
V, and Vz are, respectively, the velocity of 
propagation in quartz and Rochelle salt and y» 
and yy, are the strains in the Rochelle salt an 
quartz bars, respectively. 

It is shown in the next section, Eq. (26), that 
the open circuit voltage developed in the Rochelk 
salt bar is 

Er= fial Vy/ 244522’, (2) 
where fi4 is the piezoelectric constant, C4 th 
shear modulus, Sze’ the inverse of Young 
modulus along the length of the crystal, and], 
the thickness of the crystal. Similarly, the ope 
circuit voltage for quartz is 


Eg=4rd12'y,): /Kso9' = 1.312 x 105 liv, (3) 


for the quartz crystal used. This was a —185' 
X-cut crystal’ and the measured constants wer 
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ROCHELLE SALT 
(@IMENSIONS IN CM) 
Fic. 4. Circuit and apparatus for measuring the 
piezoelectric constant fi, of Rochelle salt. 


7 This crystal is described in ‘‘Electrical wave filtes 
employing quartz crystals as elements,’’ W. P. Mase 
Bell Sys. Tech. J. (July, 1934) Appendix 1. 
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dys =6.91 X 10-§; K=4.55; see’=1.455X10-". 
On account of the small capacitance of the quartz 
element, not all of this voltage appeared across 
the output for, because of the distributed 
capacitance around the crystal, an attenuation of 
voltage occurred. As near as could be determined 
the static capacitance of the crystal was 3.25 yuf 
while the distributed capacitance was 2.75 yuf, 
giving a measured voltage of 


E,=7.11X104 ly,. (4) 


On account of the large capacitance inherent in 
the Rochelle salt element, about 90 yyf, this 
source caused no appreciable error in the Rochelle 
salt voltage. When the two voltages were com- 
pared it was found that at 30°C the Rochelle salt 
crystal voltage was 1.41 times as large as the 
quartz voltage. This gives the value for f14 equal 


to 


fra= 244522" (It ‘Itp) x (Vo o/Yyp) x 1.41 
X7.11X104=7.58X10* (5) 


upon inserting the values of the constants meas- 
ured previously! for Rochelle salt. 

While on account of the difficulty of measuring 
the distributed capacitance of the quartz bar, the 
absolute value given by this method is not very 
accurate, the relative values obtained over a wide 
temperature range are very accurate since the 
distributed capacitance remains constant at all 
temperatures. Accordingly the value of fi, was 
measured over a wide temperature range with the 
results shown on Fig. 5. It appears that the 
constant fis is an absolute constant of the 
material and does not change with temperature. 

The phase angle of the constant could be 
determined by measuring the relative phases of 
the quartz generated voltage and the Rochelle 
salt generated voltage. This, however, is a 
dificult experiment to perform and has not been 
attempted here. The fact that fi, has a negligible 
phase angle however is shown by the measure- 
ments discussed below. 

Since it can be shown that there is no appreci- 
able lag or hysteresis with respect to either the 
elastic constant or piezoelectric constant, it 
appears that all of the hysteresis and dissipation 
must be associated with the clamped dielectric 
constant. In order to verify this, it is desirable to 
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Fic. 5. Measurement of the piezoelectric constant fi, over 
a wide temperature range. 


measure the dielectric constant and the asso- 
ciated resistance of the clamped crystal. On 
account of the difficulty of clamping a crystal so 
that no strain occurs, this cannot be completely 
accomplished. If, however, we use a long, thin, 
longitudinally vibrating crystal and measure its 
impedance at twice the longitudinal resonance 
frequency of the plated crystal, a very similar 
result will be obtained. This follows from the fact 
that, at twice the natural longitudinal resonance, 
half the crystal will be compressed and the other 
half extended so that the charge contributed by 
the piezoelectric effect will be zero for a crystal 
which has a continuous plating over the whole 
surface. This condition is discussed in more detail 
in the next section and it is there shown that 
what will be measured is essentially a resistance 
R corresponding to the resistance associated with 
the clamped crystal in series with a capacitance 
determined by the dielectric constant K zc, which 
is related to the clamped dielectric constant K by 
the equation 


4r 4r fi? 1 4n 
27“ (1- )-F-o.0179, (6) 








Kie K Cu 4044520 K 
introducing the measured values into this 
equation. 


To obtain the dielectric dissipation, a crystal 
having the dimensions, length = 4.03 cm; width 
=0.8 cm; thickness=0.2 cm was obtained, i.e., 
with all dimensions twice those of the crystal of 
Table I, and the electrical impedance of the 
crystal was measured at the frequencies corre- 
sponding to the temperatures of Table I. The 
results translated into dielectric constant and 
series resistance in ohms per cubic cm are shown 
on Fig. 6 by the solid lines. It is evident that con- 
siderable dielectric dissipation is obtained par- 
ticularly between the Curie points. Above 40°C, 
the dissipation again increases because of the 
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_Fic. 6. Measurement of the longitudinally clamped 
dielectric constant and associated series resistance of a 45° 
X-cut crystal. 


increase in leakage resistance as the crystal 
approaches its melting point. This increase agrees 
with the increase that can be obtained by direct 
current measurements. 

If all the dissipation associated with the crystal 
is concentrated in the clamped dielectric constant, 
it is shown in the next section that the electrical 
resistance of a vibrating crystal measured at the 
resonant frequency will be 


Re=rl,R/8lul,, (7) 


where R is the dielectric resistance per cubic 
centimeter associated with the clamped dielectric 
constant which has been measured as shown on 
Fig. 6. To test this relationship, we can make use 
of the measured electrical resistance Rg of Table 
I. This resistance multiplied by the factor 


lly 8 0.418X2.014X8 
——= =6.63 (8) 


Ll, x? 0.104 X 9.89 





is shown plotted by the dotted lines of Fig. 6. 
The good agreement between this curve and the 
solid line curve of the dielectric dissipation is a 
proof that practically all the dissipation in the 
crystal is located in the clamped dielectric con- 
stant. All of these measurements were made for 
low voltages, i.e., less than 5 volts per cm. Since 
it is shown in the last section that the resistances 
measured were largely due to hysteresis, the 
question arises as to whether these resistances 
will vary with the voltage applied. This was 
tested over a 30 to 1 voltage range by measuring 
the resistance Rz at resonance, and it was found 
that the variation was very small indicating that 
the areas of the hysteresis loops for low charge 
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densities were approximately proportional to the 
square of the applied charge or voltage. 


III. THEORETICAL FORMULATION OF THE Eoua. 
TIONS OF MOTION TAKING Account 
OF DISSIPATION 


Equations for piezoelectric crystals have been 
obtained by assuming that the piezoelectric 
stress is proportional to the potential gradient 
(Voigt), internal electric field (Mueller, 1935), 
charge density on the electrodes (Mason), o, 
polarization (Mueller, 1940). When one meas. 
ures the elastic, electric, and piezoelectric cop. 
stants of a Rochelle salt crystal over a wide 
temperature range, he finds that all of the elastic, 
piezoelectric and dielectric constants vary widely 
with temperature, plating condition, etc., on the 
basis of the first two theories. Under the last two 
theories, the elastic and piezoelectric constants 
are entirely normal and vary little with tempera. 
ture, while the clamped dielectric constant has aq 
temperature variation entirely consistent with 
the cooperative phenomenon existing among the 
molecules of the crystal. For this reason the latter 
two theories are to be preferred. 

Because of the high dielectric constant jp 
Rochelle salt, these two theories give results 
identical within less than one percent.® If, how- 
ever, we regard the piezoelectric effect as an 
internal phenomenon, as is usually done, the 
polarization formulation is theoretically correct 
and will be followed here. If the force is propor- 
tional to the polarization, Mueller has shown that 
to the elastic constant 1/c4, one has to add a small 
quantity fi¢/42c4¢ which is usually less than 0.3 


®H. Mueller (reference 3 footnote 21) has objected to 
the theoretical results given in reference 1. In this 
he appears to be incorrect, for substantially the same 
results are obtained with the equations of reference |. 
With the set of data given in Table II of reference 3, and 
a value of c44= 11.6 X 10° the value of fi4=7.2 X10. From 
the same data and the theoretical formulation given in 
reference 1, the result is f14= 7.2 X 10*. A comparison of the 
di, constant as defined by Voigt for the two methods is 
shown below. 











eC dis (MUELLER) di4 (Mason) 
24.7 67.7 X10-6 67.4 X107§ 
25.7 37.2 37.4 

28.2 20.6 20.6 

31.0 12.8 12.8 

34.2 9.1 9.2 

38.0 6.65 6.57 

40.2 5.88 6.05 

42.0 5.07 5.00 

47.5 4.0 3.92 
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percent of 1/cas. The effect on the dissipation is 
more marked as is shown in this section. The 
measurements of the complex elastic constant 
‘yen in Fig. 3 show that between the Curie 

ints the dissipation of the unplated crystal is 
considerably higher than outside this range. To 
see if the polarization theory can account for this 
effect without assuming a change in the elastic 
constants, the formulation of the polarization 
theory taking account of dissipation is given in 
this section. 

The free energy per cubic centimeter # of the 
crystal can be written for Rochelle salt in the 


form 
=F (Cyr%a? + Coy? +0322" + aaa? +0552. +Ce6xy”) 


+ (612% Vy HC13¥ 222 +CosVy22) 
+(fisy2Pstfest2zPyt+feeryP 2) 
+3(xiP2?+x2Py?+xsP,’), (9) 


where P., P,, P, are the components of the 
polarization, xz, ***, Ys are the strains in the 
crystal, cx are the elastic constants of the 
crystal, fi, are the piezoelectric constants of the 
crystal, and x; are the reciprocals of the electric 
susceptibilities of the clamped crystal, i.e., free 
from strain. 

By differentiation with respect to the strains 
we obtain the stresses (— X= 06/dx,) while the 
field strength (potential gradients) are given by 
E,=00/dP,. This will- furnish nine equations, 
three each of the following type , 


—Xp=CyXetCiVyH+C132,, 
ous Y.=Cuy:tfuPz, 
E.,=fuyetxiP:. 


It was shown in the previous section that 
practically all the dissipation associated with the 
motion of a Rochelle salt crystal was associated 
with dissipation of the clamped dielectric con- 
stant. If all this dissipation is of the viscosity 
type, i.e., determined by the rate of change of 
polarization, the resulting equation can be de- 
termined from a dissipation function of the type 


F=}(RuP2+RnP2+RoP,’). (11) 


Then from Lagrange’s generalized equations, the 
last of Eqs. (10) becomes 


(10) 
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E.=fuyet+xiP2+RoP, 
= fiayet(xitjoRn)P, 


for simple harmonic motion. 

A dissipation function of the type shown by 
Eq. (11) cannot represent a hysteresis effect, for 
at a slow rate of change of polarization, the effect 
of the resistance R» disappears. In fact a 
hysteresis effect is strictly a nonlinear effect and 
cannot be represented by any linear dissipation 
function. By analogy with the same effect oc- 
curring in iron core coils, however, a hysteresis 
effect can be represented as far as bridge, current, 
or other measurements which average the result 
of a complete cycle, by a resistance which varies 
inversely as the frequency. The energy loss per 
cycle is the area of the charge-potential loops of 
the type shown on Fig. 1, while the power loss is 
this area multiplied by the frequency or 


P,=area:f=Af. 


The power loss in a resistance Ry required to 
represent this loss is 


Pi =RuP-. 
Af Af 
a>=——= == " 
P2 40°f?P2 4n%fxE,? 


(12) 


(13) 


(14) 
Hence 


(15) 





where x, is the susceptibility of the condenser. 
If we introduce this value into Eq. (12) we 
have 


E.=fuyet[xitjo(RatRe)1 )P2=fuy: 
+(xitjoR:)P.=fiuyetxruP x, 


where R; represents the combined effect of the 
hysteresis and viscosity resistances and x. de- 
notes the complex quantity (x1+jwR). 

In measuring the constants of a crystal with a 
field applied along the X axis by dynamic means, 
a longitudinal vibration of a long thin crystal 
with its length 45° from the Y and Z axis is 
usually employed. The equations of use for an 
X-cut crystal are 


(16) 


—Xe=CurtstCrVytCiszs, 
— Yy=Ci2x2+CorVy + Coste, 
—Z,=CisXzrtCosVy+Css2, 
—Y,=cuystfuP, 
E.=(xitjoRi)Petfiye 
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By solving this set of linear equations we can also 
express the equations in the form 


—X2=SXet5$i12Vy+513Z,, 
—Vy=S12X z +522 Vy+523Z2, 
—3,=513X z-+503 Vy +533Z:, (18) 
—y2=SuVitduE,, 

P,=dyuY.+mE:z, 


where 51;=A1;/A; 523= A23/A, etc., where A is the 


determinant 
Cir Ci2 «C18 


A=/Ci2 C22 Coz}, (19) 
C13 Co3 C33 


and Aj; is the determinant obtained from this by 
suppressing the first row and first column. 
Similarly 


dius=fis/D; Saa=(xitjwR:)/D; ki =C14/D, 
D=Caa(x1+joRs) — fir’. (20) 


The 511, S12, Sis, S22, S23, S33 Constants are the 
compliances of the crystal which can be measured 
by mechanical means when the crystal is plated 
or unplated. The compliance s44 is the compliance 
of the crystal when E,=0 or when the crystal is 
plated and short circuited. Similarly di, is the 
ratio of the strain to the applied field when Y,=0 
or the crystal is free to move, and x; is the 
susceptibility of the crystal when Y,=0 or the 
crystal is free to move. We note that the three 
constants $44, di4, and x; involve a resistive 
component and, hence, will show hysteresis 
effects when measured statically. Since Cas, fis, 
and x; do not involve the state of elastic defor- 
mation, and only one of them shows hysteresis 
effects, we regard these as the true constants 
of the crystal and shall use them in further 
calculations. 

We note first that if the crystal is free to 
vibrate, which happens when Y,=0, that 


where 


fis 
JsB ———"I ss 
C44 
and hence 
E,= [x1 — fis? /Cast+joR, |P;, (21) 


x1—fi4a?/Cas=xr, where xr is the inverse of the 
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susceptibility of a free crystal. Hence, we see that 
if all the dissipation is concentrated in the 
clamped dielectric constant, one should Measure 
the same resistance R, whether the crystal jg 
prevented from moving or not. 

In calculating the motion of the rotated Crystal, 
it is desirable to obtain the constants of the 
rotated crystal. This can be done by means of the 
transformations given in reference 1 appendix | 
For the crystal cut perpendicular to the X axis 
and rotated so that its length, designated the y’ 
axis is 45° from the Y and Z axes, the equations 
become 


—X p=CiXrt3(Criote13) Vy’ +3(Cr2+€13)2, 
+3(Cis—Ci2)y,’, 
— Vi! =} (Cre +€13)X2 +4 (Coo +033 + 2023+ 4044)y,/ 
+4(Co2+033+2023 — 4044)2. 
+3(c33—Ca2)y2’ +fuP., 
—Z =} (Cratcis)X2 +4 (Coo +033 + 2003 — 444) y,' * 
+4(C22+€33+2C23+40C44)22" 
+3(c33—Ca2)¥2'—fisP:, (22) 
— Y,'=3(¢13—C12)X¥2 +} (C33 — C22) Vy’ 
+4 (C33 —C22)32’ +43 (C22+033 — 2c23)y2', 
E,=(xitjoRi)P2t+fisly,’—22’). 


Solving these equations by letting X,=Z; 
= Y,’=0 we find 





4 
_ v=] 
1/C444+Soe+533 +2503 








“| 4 
+-— ‘ , 
244 L1/Cas +522 +533 +2523 
(23) 
fis? S22 +533 + 2503 
B= Pl xa joR—— ) 
Cag \1/Cag+-S22 +533 +2505 
_ for 4 
2c44 L1/cos+S2o+Sa+ 2503 
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indicating that it is the inverse of the suscepti- 
bility measured when the crystal is longitudinally 
clamped, i.e., prevented from moving along the 
Jength but not along the width or thickness. This 
is a measurable quantity as shown in section II. 


We have, also, that 


1(1/cas+S22+5s3 +2523) =S22’, (25) 
the true elastic compliance along the direction of 


the length of the crystal. 
With these values, Eqs. (23) become 


y ; fuP: 
ant 4 


a¥,J 


, 
Soe’ 2C 44522 


fisyy’ 


E.,=P.LxrctjoRi]+ (26) 


C44S22 


To these we add another equation relating the 
charge on the surface per unit area of the crystal 
to the voltage and polarization, namely, 


Q=E,/4r+P,. (27) 


We have also from Newton’s laws of motion for 


the bar 


pat /at?= —aY,/ay, (28) 


where £ is the displacement of any point from its 
equilibrium position. 

For a plated crystal the field E, is constant 
along the length of the crystal, so that differ- 
entiating Eq. (26), we have 


1 dy,’ fis(OP2/dy) 


S22’ Oy 


ay,’ 


oy 244522" 
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and 
oP, 


dy 


tu OVy 
2c4sS22'(xLe+jwR) dy , 





Eliminating 0P,/dy we have 





oY,’ 1 Oy fi? ( 1 )| 
Oy = Sa0" ay L 40447520! \xto+joR 





1 dy 


—(1—k%), (30) 
Soo’ oy 


where & the electromechanical coupling is com- 
plex because of the resistance associated with the 
inverse susceptibility xz. 
Since y,=0&/dy we have, finally, 
ae 1 a 


p——=—— ——(1 —4*). 
Ol? S20" dy? 


(31) 
For simple harmonic motion, this reduces to 
(1—k*) 0 


O=wt+ 
dy? 


(32) 


pS22’ 
This complex equation is satisfied by 
t= K, cosh (A+jB)y+Kesinh (A+jB)y, (33) 
provided that 
w+ (A +jB)*(1—k?)/pse2' =0. 


Introducing the value of (1—*) from (30) and 
noting that 


(34) 


xL0— fia? / 40447520’ = xi— fie /cu= XP; (35) 


we have, solving Eq. (34) for A and B 


XLC 





A = (osu) 
2(xr*+w?R?) 


—(xexire+w?R*) +[(x10?+w?R?*)(xr?+w?R?) Ht)! xic\'f wR 
jaan) 


(xexrct+w*R) +[(xr0?+w?R®)(xr?+w?R?) } 


XF 2xL¢ XF 


| ). 





Bao(oen)} 
2(xr?+w?R?) 


4 
= w(pS22")*(xi0/xr)!. 


The approximate forms given are good provided wR/x1¢ and wR/xr <1 which is usually the case. 
We solve for the constants K; and K¢ of (33) in terms of the conditions existing when y=0. Then 


when y=0, sinh (A+ jB)y=0 and 


Ki=&1. 


Similarly, 


d&/dy=y,=K1(A+jB) sinh (A+jB)y+K2(A +jB) cosh (A+jB)y. 


(37) 


(38) 
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Yy,'+ | 22", (39) 
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A+jB  (A+4B)(1—R)L 


2c4sS22'(xxrc+joR) 


introducing the results of (26). Hence, using these values of K; and K¢ in Eqs. (33) and (38) and using 


the velocity 








E= jut (4 
in the equations we have the two relations 
; S22’ y fuk : : 
&£=£, cosh (A +iB),—( ) | vot | inn (A+ jB)l,, 
p(1—k?) 2c44S22’(xie+joR) 


(41) 








fuk. fuk. 
[¥.+ - -{ Yyi+ 
2casS22'(xte+joR) 


To these equations we can add a third 
E; 1 1 
0-—+P,-£|—+—__| 
4n 4r Xtct+jwoR 
fray’ 


2casSo2'(xic+jwR) 





(42) 


Integrating this with respect to y noting that 
y,’ = 0t/dy, we have 


1 1 
= E,l w -+——_| 
° . bes Xtot+joR 
Sia E2— Exdle 


~ ——, (43) 
2c 44822’ (xte+jwR) 





where Q) is the total charge on the surface of 
width 1,. The current will be the time rate of 
change of the charge so that for the whole crystal 
we have 


1 1 ly 
i= jwE( —+————_ }— 
ar Xtot+jwR l, 


fis(€2— Ex)lo 


—| n ’ (44) 
2C44S22'(xxt0+jwR) 





where E is now the applied voltage since E,= E/];. 
Equations (41) and (44) can be used to obtain the 
electrical impedance of a crystal for any me- 
chanical terminating conditions. 

To obtain the impedance of a fully plated 


2c44S22' (xtc+jwR) 





cosh (A+jB)ly 


— §:(p(1 —k*)/s’22)# sinh(A +jB)l,. 





crystal of length J,, vibrating freely we sa 
Y,= Yy,=0 in Eq. (41) and solve for & and é, 
obtaining 


fuE. tanh (A+jB)I,/2 
2caaSea! (x Le-+ jwR) ((1—k*)/so9')8 





fi=—-&= (45) 


Inserting these in (44) and collecting terms we 
have 





E {joled, 4x 
Aa, 
4rl, 


1 XLcotjoR 





k? tanh (A+ jB)I,/2 a 
(4 MN 
1—k? (A+ jB)l,/2 


This impedance is equivalent to a capacitance 
Co=lyl,/4xl, representing the capacitance be 
tween the plates if the crystal were absent, in 
parallel with a capacitance and resistance in 
series having an impedance equal to 


(Li/lely)[R— jxie/o] (47) 
and these in parallel with a third impedance 
1—k? 

Rk? 


I, 








ly 
A+ B)- 
Fuld, yc +j - 


[(xxe+ iar) ( 
° | & 
Xcoth (A+ i): a8 


We are interested in the value of this impedance 
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near the resonant frequency which occurs when 
Bl,/2= 1/2. Introducing the approximation for- 
mulae for A and B given by (36) this impedance 


becomes 
L[m_ jf xucxr \n* Af 
‘feel 
IlyjL8 wrtxre—-xr/ 4 fr 

where Sf is the difference in frequency between 

the actual frequency f and the resonant frequency 

fr. Near the resonant frequency, this impedance 


‘s the same as that for a coil and condenser in 
series with a resistance which has the impedance. 


Ret+(j/wCe)[24f/fe]. (50) 
Comparing (49) and (50) we have 
Les, 
a 
2fialoly/le 
Ce= 


= ; (51) 
1044522 xL07(1 — fra? /40447S22'x 10) 





pxie®(C4a?S22"* il y/Lo 
2h? , 


At the resonant frequency, Rg is the value of this 
arm and since this resistance is very small com- 
pared to the shunting impedances of the other 
two arms, the impedance measured at the 
resonant frequency will be the resistance Re. 

If, now, we measure the electrical impedance of 
the crystal at twice the resonant frequency fr, the 
impedance of (48) becomes very large and can be 
neglected compared to the other two arms. 
Furthermore due to the high dielectric constant 
of Rochelle salt, the impedance of Cp is large 
compared to the second arm, and hence if we 
measure the impedance of the crystal at this 
frequency as was done on Fig. 6, we obtain the 


impedance 





(1:/lwly)(R—-jxic/w). 


In the first section, a measurement was made 
of the elastic constants of a 45° X-cut crystal 
without plating. In order to determine what 
constants of the crystal will be measured for this 
case we can start with Eqs. (26) and (27) and 
impose the condition that Q, the charge on the 


(47) 
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surface, equal zero, or E,/4x= —P,. Introducing 
this relation in (26) and eliminating P, we have 


Vy’ E.fu 

-_ . 

“ere 7 
Soo 8 arCaaS22 


(52) 





| fry,’ 


E + 
4r 


2c 44520" 
or eliminating E, we have 


y / 
“i v= ]1- 


/ 
S22 





fis? 
40447500’ (4a-+-x10+ joR) 


= (1 —ks*), (53) 


S22 


where kz is the coupling coefficient for the bare or 
unplated crystals. s22’/(1—kg,*) is the complex 
compliance constant for the bare crystal which is 
somewhat different from the natural mechanical 
constant. Differentiating (53) with respect to y 
and substituting in (28) we can obtain the 
equations of motion for the bare crystal in the 
manner employed above. We find 


£=£,cosh (Ag+jBz)l, 
Soo’ 


tit 
p(1 — kp’) 
Y,= Y», cosh (Ag+ jBz)l, 


j 
) sinh (Ag+jBz)l,, 
(54) 
1—ky*)\! 
-4(" = sinh (Ag+jBa)l,, (54) 
where 


(As+jBs) -| 





—w* pSo2’ t 

1 —fu2/4ca4%S09' (4+x10+ — 
4r+xzic\! 
arog 
x| oR(fi14?/4c44?522’) 

2(44+xr)(44+xx0) 

The method of measuring the impedance of the 

unplated bar employed in the second section in 

effect measures the impedance of a half-wave- 


length bar free to move on the far end. From (54) 
and (55) the impedance at the driven end near the 


=o(o5n')( 





+ il (55) 



















OE EO INS 


ine POE ny [2 ap PENSE, 


we Oe 


$2 
48 


a oe 
RX 107°9 FOR 1000 ~ CURVE BELOW 286°C 
Nn 
eeges 
vy 


N 
nN 8 
Rx1073 PER CUBIC ¢ 


8 
s 
° 


TEMPERATURE IN DEGREES CENTIGRADE 


Fic. 7. Measurements of the clamped dielectric constant 
and associated series resistance of a 45° X-cut Rochelle 
salt crystal for three frequency ranges. Solid lines are 
measurements at 80 kc, dotted lines at 160 kc and dot-dash 
lines at 1000 cycles. 


half-wave-length frequency is 


p(1— kp?) 


3 
RutjXu= ( ) tanh (Az+jBz)l, 


Seo 


p(1—kp’)\! 
ats (“—") (tanh A gl, + 7 tan Bgl,) 


, 
S22 


p\} wR fig? Af 
sb (~) Lol ( +j— | (56) 
S22 32%? 46447500" tr 
This corresponds to a series resistance, mass, and 
compliance having the values 


p y wR fia? 
Ru= (-) tal ) ’ 
Soo’ 1287 C447So0" 


2522'l, pliol ly 
= ; hae . 

Lol t 2 
The dissipation of the bar is usually defined by 
taking the ratio of the reactance of one of these 
elements to the resistance at the resonant 


frequency or 











(57) 








Cu 


2rfelbu 329447520" 


Ru frRfi? 
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and 





-( 4n+xr (58) 


) 

4n+xic/ 21,( ps2")! 
In this equation, R must be expressed in c.g.s. 
electrostatic units rather than the practical units 


used on Fig. 6. This requires dividing the ohmic 
resistance by 9X10". 
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To see if this change in mechanical Constants 
inherent in the polarization theory can account 
for the difference in the measured constants jp 
the Curie region noted on Fig. 3, we see from (58) 
that the frequency constant for the bare Crystal 
should be 


(—~ , ; 1 1 fis? 
Sr= aol fu ful -(<)}o 


All of the constants entering (59) depend very 
little on the temperature and show no appreciabk 
change between the Curie points. From th 
values of the constants determined in a forme 


paper,’ 
fis=7.8X104; cag =12.52X 10; 
Soo’ =3.16X 10-!?, 


fr=fu(1—0.00126). (6 





we have 


That is, the resonant frequency fr should by 
under the natural mechanical resonant frequency 
fu by about 0.1 percent, and this value should be 
independent of the temperature. Hence the 
lowering in frequency between the Curie points 
must be due to an elastic change in the crystal 
The same result is obtained for the ratio g of the 
reactance to resistance of the unplated crystal 
At the temperature +5°C of the highest valy 
of R, the q of the crystal if all of the dissipation 
were due to the dielectric loss would be 


32m X (12.52 10")? 3.16 10-” 





q= 
85,000 X 16,000 x (7.8 x 10*)?/9 x 10" 
=5.45X10°. (61) 
(o-Coo) R 
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Fic. 8. Equivalent circuit for application of Deby 
dielectric theory. 

















Fic. 9. Generalization of Debye’s theory to indat 
hysteresis resistance in one of the components. 
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This is considerably higher than the g measured 
at any temperature, and hence the g measured 
must have been due to the elastic properties of 


the crystal. 


[V. SEPARATION OF DIELECTRIC AND Loss Com- 
PONENTS IN THE CLAMPED 
DIELECTRIC CONSTANT 


At very low frequencies,’ all measurements 
made indicate that the clamped dielectric con- 
stant rises to a high uniform value between the 
two Curie points and falls off outside this region. 
At higher frequencies, the clamped dielectric 
constant rises to a maximum at the two Curie 
points and falls off between them as shown by the 
solid line of Fig. 7. This was obtained from the 
data of Fig. 6 by using the Eq. (24). 








4n 34 =f S2o+533+ 2503 ) 
K Kic Cua \1/Cas+Soe +533 +2533 
T 
= +0.0179, (62) 
Le 


inserting the measured values for these constants 
which are all nearly independent of the tempera- 
ture. Following Debye’s theory” of dielectric 
losses and dielectric constants, this divergence 
with frequency indicates that we are dealing with 
two or more dielectric sources in parallel. 
Debye’s theory considers the case of one 
dielectric source considered dissipationless, in 
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parallel with another source which has in effect a 
series resistance of the viscous type as shown on 
Fig. 8. Combining these two sources, they have 


an impedance variation given by the equation 





J (1—Cx/Co)  jwr(1—Co/Co) 
Z=—| 1- + , (63) 
wx 1+w?r? 1+w?r? 
where r+ the relaxation time is given by 
t=R(Co— Cu) Cz/Co. (64) 


At low frequencies the impedance will be that of 
the sum of the two capacitances whereas at high 
frequencies it will approach that of the capaci- 
tance C,. When the product of wr is unity, the 
effective capacitance will be the mean of the two 
capacitances and the resistance will be a maxi- 
mum and equal to 
‘a ei 
*). 


2 Ww Co ce 





(65) 


This theory cannot be applied directly to 
Rochelle salt since most of the resistance associ- 
ated with the dielectric constant is of the 
hysteresis type which, according to Eq. (15), 
varies inversely as the frequency. The case of 
interest here is that shown on Fig. 9, where we 
have a capacitance (Cy)—C,) in series with a 
hysteresis resistance (H/w) and a_ viscosity 
resistance Ry, all shunted by a second capacitance 
C... For this case the impedance measured as a 
function of frequency will be 





— 
z-—"|1 


wl, 


where 7 the relaxation time is now defined as 


Co? ; 
r=Ry / (r+ ) | 
Cz?(Co— C.)* 


In case Ry =0, the equation becomes 


(1—C./Co)[1+j(Hr/Rv+wr)(1+H?(Co— ae) 66) 
— ( 
(1+2wHr?/Ry+w?r?) (1+H?(Co— Cu)* Cu? / Cy") 





H*(CoCe)(1—C€ 


(67) 





= 
z-—1+ 
wl, 


‘a / Co)? +j(1 wae a 
1+H7(1—C./Co)?C.? 


(68) 


*This is shown for example by the static measurement of Sawyer and Tower (Phys. Rev. 35, 269 (1930)) and Brad- 
ford (B.S. Thesis, M. I. T., 1934) on the dielectric constant in the center of the hysteresis loop for a free crystal. Both 
measurements show a dielectric constant nearly independent of temperature between the Curie points. If this is in- 
terpreted according to (21) this indicates a constant clamped dielectric constant between the two Curie points. 

®See P. Debye, Polar Molecules (Chemical Catalogue Co., New York, 1929); and E. J. Murphy and S. O. Morgan, 


“The dielectric properties of insulating materials,” Bell Sys. Tech. J. 17, 640 (1938). 
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and the capacitance remains constant while the 
effective resistance decreases inversely as the 
frequency. 

In order to see if such a combination will 
aceount for the change in the dielectric constant 
noted, the clamped dielectric constant was de- 
termined at several frequency ranges. Figure 7 
shows the clamped dielectric constant and the 
associated series resistance for the frequencies 
shown on Table I. The dielectric constant and 
series resistance was measured at twice this 
frequency by using the crystal whose dimensions 
are given on Table I and measuring the longi- 
tudinally clamped dielectric constant at twice the 
frequencies of Table I. The result is plotted on 
Fig. 7 by the dotted lines. As can be seen the 
dielectric constant is somewhat smaller and the 
resistance is about half as large. Another meas- 
urement at 1000 cycles was obtained by using the 
measurement of Dr. G. T. Kohman on the 
dielectric constant and associated dielectric losses 
for a Rochelle salt crystal free to vibrate. The 
clamped dielectric constant was obtained from 
the equation 

4n An 4a 

—=— + fig? / Cas =— + 0.0485, 

K Kr Kr 
introducing the measured values for fis and Ca. 
The resistance measured was unchanged since 
from Eq. (21) the same resistance should be 
measured for a free or clamped crystal. 

Above the Curie point the coincidence of all 
the measurements of the dielectric constants 
indicate that the viscous resistances are negli- 
gible. Up to 40°C most of the dissipation is due 
to a hysteresis type resistance as shown by the 
fact that the measured resistance varies nearly 
inversely as the frequency. Above 40° the effect 
of an ohmic shunt resistance is felt due to the 
leakage properties of the crystal near the melting 
point. At the Curie point the viscous resistance is 
still small and the clamped dielectric constant 
attains nearly its full value. When the tempera- 
ture is between the Curie points the effect of the 


(21) 





W. P. MASON 


viscous resistance on one of the component, 
becomes larger and as a result the dielectric 
constant approaches that of one component only, 
At 4°C, this value is nearly reached as is shown 


* by the fact that the dielectric constants meas 


at 1000 cycles, 84,000 cycles and 168,000 cycle, 
are very nearly the same. The resistance asgogj. 
ated with this component is nearly all hysteresis, 
as is shown by the fact that the series resistang, 
is nearly inversely proportional to the frequency, 
While the data are not sufficient to give ap 
accurate evaluation of the dielectric constants 
and associated resistances it indicates that we are 
dealing with two dielectric components which are 
nearly constant with temperature between the 
two Curie points. The one having little viscoys 
resistance associated with it has a dielectric 
constant of about 100, while the other has 
dielectric constant of 140. The relaxation time of 
the second component is quite large except neg 
the Curie points since the dielectric constant of 
the first component is nearly attained at 10m 
cycles. 

Since viscous resistance is usually associated 
with a rotation of molecules, it seems likely that 
the second dielectric component is due to the 
dipoles of the Rochelle salt. The first component 
which has little viscous resistance is probably due 
to the displacements of the ions in the lattice 
Sinceat optical frequencies the dielectric constant 
is in the order of 2.5 there must be some viscous 
resistance associated with the ion displacements, 
and another component having a much lowe 
dielectric constant. This component, however, 
will not be measured for any radiofrequencies," 
and very high frequency measurements will, in 
all probability, measure only the dielectric con- 
stant due to the ion displacements. Both com. 
ponents are increased between the Curie points 
and both components have hysteresis effects, 
indicating a cooperative action of the molecules. 


1 W. Bantle and G. Busch, Helv. Phys. Acta 10, 2 
(1937) find that up to frequencies of 7.5 10® cycles the 
dielectric constant does not get below 100. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents. 


Communications should not in general exceed 600 words in length. 


Direct Determination of the Charge of 
the Beta-Particle 


The charge of the B-particle has been determined di- 
rectly by measuring the charge deposited per second on a 
Faraday collector placed at the exit slit of a 6-ray spec- 
trometer and, after replacing the collector by a Geiger- 
Mueller counter, by counting the number of particles 
emerging per second, the magnetic field being kept con- 
stant. The highest counting rate which could be measured 
with a 0.1 percent accuracy was roughly 300 per second, 
but the corresponding collector current was too weak to be 
measured with the same accuracy within a reasonable 
time. Therefore it was necessary to start with a strong 
source for the collector measurements and then reduce 
the beam by a known ratio for the counter measurements 
by allowing the source to decay. To determine this ratio 
it was impossible to rely on the known half-life because of 
the possible presence of impurities. Therefore this ratio 
was measured directly by reversing the field and sending 
the beam through a duplicate exit slit into an ionization 
chamber filled with argon at three atmospheres. The charge 
of the B-particle is given by the following expression: 


Ir/Is 
n/TIw’ 


where Ir is the Faraday collector current; m the number of 
6-particles per second; Is and Jw are the ionization cur- 
rents at the time at which Jr and m were measured, re- 
spectively. (Ir, n, Js and Jw are all measured at the same 
value of Hp.) 

Both collector and ionization currents were measured 
with the same electrometer tube, a Western Electric 
D-96475 employed in a modified Barth circuit.! The null 
method of Townsend? was used. By the use of accurately 
calibrated condensers of different sizes in this electrometer 
a large range of currents could be measured. The counters 
were of the alcohol-argon self-extinguishing type,* a 
separate counter being used for all the data taken at each 
value of Hp. The counter circuit consisted of a two-stage 
amplifier followed by a scale-of-sixty-four and a Cenco 





TABLE I. Values of charge on the B-particle for various values of Hp. 











Hp é€ IN 107!* COULOMB 
2200 —1.595+1.2 
2400 —1.592+1.3 
2650 —1.612+1.19 
2900 —1.609+1.2 
3400 —1.664+1.2% 





Average —1.61s 
or —4.849X10~!° e.s.u.+0.6% probable error. 
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recorder. To eliminate corrections for the foils on the 
windows of the counters an equivalent foil was placed in 
front of, but insulated from, the Faraday collector. Correc- 
tions for the counting loss due to the finite resolving time of 
the counters were made by an improved method to be 
published shortly. 

Series of measurements at five values of Hp were made 
on a radium E source having an original strength of about 
three millicuries. The collector currents observed were 
between 5 and 11X10~* ampere and the counting rates 
used varied from 85 to 275 counts per second. Ionization 
currents ranged from 1 to 600 10-* ampere. The results 
are given in Table I, where each value is the mean of a 
number of measurements. 

By far the largest source of this statistical error was 
due to the fact that if several counters were compared, they 
failed to agree better than to one percent, although much 
better agreement was expected from the number of counts 
used, the reasons not being fully understood. Compared to 
this error all other statistical errors were nearly negligible. 

A possible systematic error of } percent may be due to the 
failure of the collector to be a perfect trap for all particles 
entering. Another source of systematic error may be due 
to the fact that a particle hitting the outside of the collector 
might be recorded, whereas the counter would not record 
it under similar conditions. Large tolerances on the sizes 
of the slits and careful alignments cut this error to a 
minimum. Also a secondary electron ejected from the 
foil would affect the collector, but, being simultaneous with 
the primary, would not be counted. Investigations by 
applying retarding potentials indicated such secondaries 
were less than one percent of the main beam and probably 
a good deal less. 

The present experiment, being the first by this method, 
is not meant to compete with the older and more accurate 
methods of measuring the charge of the electron, but it 
affords an interesting check upon the present conceptions 
of 8-particles as well as upon the reliability of the G—M 
counter as an absolute instrument when properly handled. 
A longer report containing details of the main experiment 
and of control experiments too numerous to be mentioned 
in this preliminary letter will be published shortly by one 
of us (Y. B.) 

RupoLtF LADENBURG 


YARDLEY BEERS 
Palmer Physical Laboratory, 
Princeton University, 
Princeton, New Jersey, 
September 21, 1940. 


1D. B. Penick, Rev. Sci. Inst. 6, 115 (1935). 
2 J. S. Townsend, Phil. Mag. 6, 603 (1903). 
+A. Trost, Zeits. f. Physik 105, 399 (1937). 
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Nuclear Energy Levels in Magnesium 


The determination of the excited levels of stable atomic 
nuclei from scattering experiments was reported by Wilkins 
and Kuerti' and later by Powell, May, Chadwick and 
Peckavance.* In the scattering camera developed by the 
former authors,’ a fine beam of high energy particles 
(protons, deuterons, etc.) from a cyclotron, or other 
accelerator, is incident on a thin foil at the center of a 
circular camera and the scattered beam falls obliquely on 
special photographic plates placed at 5-degree intervals. 
The plates are then examined in a microscope and the 
lengths of the individual tracks measured. Track lengths 
can be converted into energies by well-established relations. 

In the case of aluminum, Wilkins and Kuerti! reported 
two peaks in the energy-frequency graph such as shown 
in Fig. 1 for 6.9-Mev protons. The main peak was inter- 
preted as due to elastically scattered protons and the 
secondary peak to inelastic scattering. The difference in 
energy corresponding to these two peaks is about 0.9 Mev. 
This indicated an excited state level in ;;Al?” of 0.9 Mev— 
in good agreement with the energy of the gamma-ray of 
excited Al reported by Richardson and also with the 
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| SCALE DIV. = 19.6 = 0.22 MEV. 





Fic. 1. Scattering of 6.9-Mev protons by aluminum (150°). 
1 scale division = 19.64 =0.22 Mev. 
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Fic. 2. Scattering of 6.9-Mev protons by magnesium (125°). 
1 division =0.22 Mev. 
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Fic. 3. Scattering of 6.9-Mev protons by magnesium. 


differences of the energies of the protons in the a—p rey. 
tion on Mg reported by Duncanson and Miller and by 
Haxel. 

In a similar study of the scattering by Mg the anguly 
distribution of the scattered particles has now been jp 
vestigated. Not only are there elastic and inelastic peaks 
as for Al but the inelastic fraction varies markedly wig 
the angle of scatter. It is also much larger than for Aj: 
Figure 2 shows the results for 125° and Fig. 3 indicates th 
absolute and relative variation with angle (normalized fg 
equal exposures). 

The separation of the Mg peaks corresponds to a 
energy difference of about 1.3 Mev. Since three gamm. 
rays have been attributed to excited :2Mg™, it is possibk 
that other peaks may be found by a repetition of our &. 
periment with fewer stopping foils in the channel betwee 
the scattering foil and the plates. An examination of this 
possibility is in progress. Meanwhile, it may be noted the 
the excited state level here reported (1.3 Mev) differs fron 
any of the gamma-ray energies reported. 

T. R. Witxns 


University of Rochester, 
Rochester, New York, 


G. WRENSHALL 
McMaster University, 


Hamilton, Ontario, Canada, 
September 30, 1940. 


1T. R. Wilkins and G. Kuerti, Phys. Rev..57, 1082 (1940). 

2C. F. Powell, A. N. May, J. Chadwick and T. G. Peckavane 
Nature 145, 901 (1940). 

*T. R. Wilkins and G. Kuerti, Phys. Rev. 55, 1134 (1939); T.2 
Wilkins, J. App. Phys. 11, 44 (1940). me 

4 This is possibly due to the absence of a p —n reaction in Mg™ whid 
is mainly responsible for this scattering. 





Erratum: Hydrodynamics and the Morphology of Nebuz 


(Phys. Rev. 58, 478 (1940)) 
The caption to Fig. 1 in the Letter to the Editor of tt 
above title should read, 
“Fic. 1. Average velocity distribution in the 
stationary state of a rotating nebula.” 
F. Zwickt 


California Institute of Technology, 
Pasadena, California, 
September 17, 1940. 
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Radioactive Barium and Strontium from 
Photo-Fission of Uranium 


It is of interest to learn whether photo-fission! produces 
the same radioactive elements and with similar relative 
yields as neutron fission. We have irradiated uranium with 
slow neutrons, fast neutrons, and -Tays (separately) 
and have investigated the alkaline earth radioactivities 

uced. . . . 

In each run about one pound of uranium nitrate dis- 
solved in nitric acid was placed close to the target of the 
Westinghouse electrostatic ‘generator. To produce the 
y-rays, a CaF, target was bombarded with one micro- 
ampere of 3-Mev protons. For fast neutrons, a lithium 
hydride target was bombardéd with three microamperes of 
3.Mev unresolved hydrogen ions. For slow neutrons, a 
beryllium metal target was bombarded with six micro- 
amperes of 3-Mev hydrogen ions and the target surrounded 
with water. After irradiation for one hour, barium and 
strontium were chemically separated out of the uranium 
solution. The carrier method as described by Hahn and 
Strassman? and Lieber® was used. A solution of barium 
and strontium nitrate (} gram) was added and reprecipi- 
tated with fuming nitric acid. The barium and strontium 
were separated from an acetic acid sodium acetate solution 
with ammonium chromate. The barium chromate pre- 
cipitate was dissolved in dilute hydrochloric acid and 
barium chloride precipitated by adding concentrated 
hydrochloric acid. The barium chloride precipitate was 
dissolved in a known amount of water and put into a 
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Fic. 1. Decay curves of active barium from neutron 
and y-ray fission of uranium. 
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Fic. 2. Decay curves of active strontium from neutron 
and y-ray fission of uranium. 


“water jacket’’ type of counter. To the strontium contain- 
ing chromate filtrate was added yttrium nitrate and the 
yttrium precipitated with pure ammonium hydroxide. 
From the filtrate, strontium was precipitated with am- 
monium carbonate. The strontium carbonate was dis- 
solved in a known amount of dilute hydrochloric acid 
and the activity determined as before. Samples of the 
decay curves obtained are shown in Figs. 1 and 2. It is 
evident from the figures that an 86-minute barium? and a 
6-hour strontium*® are produced, both by neutron and 
photo-fission. A 14-minute barium‘ is present, and the 
build-up of the 35-hour yttrium! is also shown. The ratio 
of the initial activity of the 6-hour strontium to the 86- 
minute barium is approximately the same for both slow and 
fast neutron fission as for y-fission. 

To make sure that only y-rays were causing fissions 
when uranium was irradiated by bombarding CaF, with 
protons, we made a check run with a calcium metal target. 
No activity was found in the barium and strontium 
fractions. 
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